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Linear Vibration of a.Pinned Rotating Blade 


J. L. BOGDANOFF,* J. E. GOLDBERG,* ann L. MARCUS** 


Summary 


Equations of motion are presented and boundary conditions 
are derived for the small vibration of a blade (compressor blade 
or turbine bucket, for example) which at one end rolls on a pin 
which in turn rolls in a hole in a rotating disc, and at the other 
end is free. The rolling is assumed to take place without slipping 
and the angular velocity of the disc is assumed constant. Nu- 
merical results for natural frequencies are given for a typical 
compressor blade and these are compared with the natural fre- 
quencies which are obtained with more conventional methods of 


attachment. 


Symbols 


center of the disc 

center of the hole in the disc 

center of the rolling pin 

center of the hole in the blade lug 

c.g. of the blade lug 

c.g. of the platform cross section 

c.g. of a typical blade cross section 

distance between O and Oy 

radius of the rolling pin 

distance between Og and G 

distance between G and B 

distance between B and P 

radius of the hole in the disc 

radius of the hole in the blade lug 

unit vectors along axes fixed in space, with 
origin at O and I along the disc axis 

unit vectors along axes fixed in the disc, with 
origin at Oy and I, along the disc axis 

unit vectors along axes fixed in the disc, with 
origin at Oy and j, along the axis of the 
hole in the disc 

unit vectors along axes with origin at G 
k, along the axis of the hole in the blade 
lug and k; along the stacking axis of the 
blade 

unit vectors along axes with origin at B, 
iyo and iso along the principal axes of the 
blade lug cross section 

i},is, i; = unit vectors along axes with origin at P, 


Received April 14, 1960. Revised and received October 10, 
1960. 

* Midwest Applied Science Corp., and Purdue University, 
Lafayette, Ind. 

** Allison Division of General Motors Corp., Indianapolis, Ind. 


Q;,Q;,Q, 


A,B,C 


M¢,To,VG,ac¢ 


hg 
rp,Vp,ap 


U1,V2 
T1,F, 
T2, F2 


Ny,Go 


N10, N20, N30 


GuiGudie 
N,,N2,N3 
Cie 
B,,Be 


i; and i, along the principal axes of the 
blade cross section 

unit vectors along axes with origin at de 
formed P, u, and w. along the principal 
axes of the deformed blade cross section 

angular displacement of line OyOp with 
respect to j;-axis 

angular displacement of the rolling pin with 
respect to j;-axis 

angular displacement of line OpOg with 
respect toj axis 

angular displacement of line OgG with re 
spect to j;-axis 

angle between the dise axis and the axis of 
the hole in the disc 

angle between the axis of the platform cross 
section and the axis of hole in the blade lug 

pretwist angle with respect to the blade base 

angle between u,- and w)-axes 

angle between W- and ti-axes 

constant angular velocity of the disc about 
its axis of symmetry 

angular velocities of the triads ij, is, is, ji, je, 
js, and ky, ko, ky, respectively 

principal moments of inertia of the blade lug 

mass, position vector with respect to O, 
velocity, and acceleration of point G 

angular momentum of the blade lug 

position vector with respect to O, velocity, 
and acceleration of pe int P 

components of the displacement of point P? 
along i;- and in-axes 

tangential and normal forces exerted on the 
pin by the disc 

tangential and normal forces exerted on the 
pin by the blade lug 

force and couple exerted on the blade lug by 
the blade or deformed part of the blade 

components of No along ijo-, izo-, and iso-axes 

components of Gp along ijo-, iso-, and ijo-axes 

components of N along w)-, U2.- and u;-axes 

components of G along u,-, U2- and U;-axes 

bending stiffness of the blade about u,- and 


Uy-axes 


(I) Introduction 


4 | \HE PURPOSE OF THIS REPORT is to derive the linear 
equations of motion of a blade-lug combination 
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hole in 
blade bose 


Ri 


— 


Oy / JI 


b Aole in disc 


Fic. 1. 


supported on a round pin which at one end fits into a 
hole in the lug and at the other rolls in a hole in a ro- 
tating disc. A fairly general disc hole-rolling pin—lug 
hole geometry is assumed. Both lug and pin are taken 
to be rigid, the pin having no mass. Rolling of the 
round pin is postulated to take place without slipping. 
This assumption appears reasonable in view of the small 
mass of the pin in comparison to that of the blade-lug, 
the large radial load coming on the pin at operating 
speed, and the small motions of the lug with respect to 
the rotating disc. The blade motion equations are 
based upon earlier reports; the undeformed blade axis 
is assumed radial, the Bernoulli-Euler bending theory 
is assumed, torsional motion is neglected, and the pre- 
twist rate is assumed constant in sections and small. 
The angular velocity of rotation of the disc is taken as 
constant. Terms in the radial component of the ac- 
celeration of a point which depend upon displacements 
have been neglected since they are very small in com- 
parison to the constant radial part. 

Natural frequencies for one example are presented 
and these are compared with the corresponding natural 
frequencies when the blade base is clamped and also 
simply supported. 


(II) Geometry and Kinematics 


The geometry of the hole in the disc, the rolling pin, 
and the hole in the blade lug is shown in Fig. 1. Roll- 
ing at C; and (C, is assumed to take place without 
slipping. Hence, by expressing the velocity of C; in 
terms of the motion of the disc and of the pin and 
equating these expressions and by expressing the ve- 
locity of C, in terms of the motion of the pin and of the 
blade lug and equating, we find that 
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n= —(Q1//1 x = (q Ay)& + (Re A2)€ (2 1) 
where a, = ki — n, ds = Re -— 1 (2.2) 
These formulas are valid for large as well as small 


angles. 
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--9 of blade base 
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Fic. 2b. 
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The angular velocity of the unit orthogonal triad 
ji.je.js Shown in Fig. 2 is QI; if I is expressed in terms 
of ji,je,js this angular velocity is given by the equation 


Q; = LQ cos Yoh. — LQ sin yoje (2.3) 


where 2 is the constant angular velocity of the disc 
about its axis of symmetry I (=I,) and yp is the angle 
between the disc axis and the axis of the hole in the 
disc. The angular velocity of the triad k,,k.,k, differs 
from Q; by the term — €j, so that 


Q, = (LQ cos yo — F)ji — LQ sin yo je (2.4) 


The point G in Fig. 2 is the c.g. of the blade base 
or lug—i.e., that part of the blade which is assumed 
rigid. The position vector of G with respect to O is 
given by the formula 


ro = (a, sin & + ade sin x + re sin ¢)jo + 
(ro + a, cos — + a2 cos x + re cos £)jz (2.5) 


which is valid for all angles. 

Using the usual vector methods! and linearizing as- 
suming that &, x, ¢ are small (see Appendix A for de- 
tails), we find that the acceleration of G is 


a; = —2’ sin yo cos yo(aiE + dex + rof)Ki + jaiE + aX + re— — 2? cos® yo(ai~ + ax + ref) + 
€22(ro + ay + ae + 72)}{ Ke — }2Q(aq,E + ax + re&) Cos Yo + 22(ro + ay + ay + re)}k, (2.6) 


We assume that the unit vectors kj, Ko, k; are along the principal axes of inertia of the blade lug 


If A, B, C are the 


principal moments of inertia, the formula for the angular momentum of the lug is (see Appendix A) 


h, = A(QQcos yo — §)ki — BQ sin yo cos fk. — CQ sin yo sin ¢ ky (: 


to 
be | 


The linearized form for the rate of change of hg becomes (see Appendix A) 


he = {(C — B)gO? sin? y — Aég\k, + (C — A)f2? sin yo cos yok + 


} —CkQ sin yo + (A — B)(Q eos ys — £) sin yo{k; (2.8) 


Let the displacement of a typical blade cross section c.g., P, relative to its undeformed position be 


V1; + Vole 


Then, with the abbreviations 


po = ro sin ¢ + a, sin (¢ — —) + a sin (¢ — x) ) 
px» = cos £¢ + a, cos (¢ — £) + a cos (fF — my 


a eo 


te = te + rs + Xs, 


the position vector of P? with respect to O takes the form 


rp = (V1 = 2 sin B)iy + (Yo — Pio COS B)io + (14 + pp )iz 


The triad ij,iv,i; differs from k,,k:,k; by a rotation through angle 8 about i; = ks. 
being equal to 8 (const.) plus the pretwist angle y which is assumed small and depends only upon x;. 


(2.9) 


(2.10) 


Moreover, 8 is constant in time, 
The angular 


velocity of i;,12,i; is thus obtained from Q; on making the coordinate transformation just mentioned: 


Q;, = (Q cos yo cos 8 — Q sin yo cos ¢ sin B — & cos B)i; + 
(—Q cos yo sin B — Q sin yo cos ¢ cos B + & sin B)ix — Q sin yo sin fi; (2.11) 
The linearized form of the acceleration of P is found to be (see Appendix A) 
a, = (é, sl 1 P10 = 1 pF} sin 8B — (74 + po) FQ? sin Yo cos (8 + Yo) a 
}(v%) — pw sin B) sin? (8 + yo) + (v2. — pw cos 8) sin (8B + yo) cos (8 + Yo) + 
(ry + po)gi} 2? ju, + [is — }pwo — (rs + pao)E} cos B + (rs + pm)fQ? sin yo sin (8 + yo) — 
(v1; — pw sin B) sin (8 + yo) cos (8 + yo) + (v2 — pw cos B) cos? (8 + yo) — 
(14 a po) gz} Q? jue — (% + px) 2? u; (2.12) 


where, since angles are small, we now have 


Pwo = roe + ai(E — —) + arx(E — x) 


> (2.13) 
0 = % +a + ae rs + px» = R + x34 
from (2.9), and 
v) ra) Ov» re) 
v . = v (2.14) 


a= _— v Qo = v 
“ OX: Ox3 “ Ox3 OX; 


The relationship between the vectors ij,i:,i; and wy, 
Us,U;, which are unit vectors in the directions of the 
deformed cross section principal axes, is shown in Fig. 3. 
Eqs. (2.14) express the fact that the rotation required 


to obtain u),U2,u; from ij,ic,i; depends upon the de- 
formations v; and v. and upon the pretwist angle y. 
In what follows, y and Oy /Ox; will be assumed small, 
with 0°y/Ox3? = 0. 


(III) Linearized Equations of Motion 
Fig. 4 shows the forces acting on the pin, which we 
have taken to be without inertia. Hence equilibrium 


considerations lead to 
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bs 43 which the blade, or deformed part of the blade, exert on 
' the lug are given by the formulas 
; ‘ 
! 
; Ny = Nyoi10 mg Nopivo = i N0i30( (2 2 
i Gy = Gyoito = i Grpiro = Gyoi30 f 7 
/ 
/ 
/ 
/ 
! 
1 é 
— ae . Fie. 3. 
: ae hee 
by 
t = _ = + — 
—F, sin + 7, cos & + 
F, sin x — 72 cos x = 0 (3.1) Fic. 4. 
—F,cosé — 7, sin & + 


F, cos x + 72 sin x = 0 
or, on changing to the unit vectors k,,ko,k;, 


For small angles, these become 
T\ = - T> PF, = Fy T3 = (Fs 2)(x — &) (a2) Ny = (Mio cos Bo = Noo sin Bo) ky + | 
e . Ni Si 0 Noo -OS By k, Nopks 
The forces and couples which act upon the blade lug . ; we “ v pone me (3.4 
re illustrated in Fig. 5. The force Ny and couple G Gy) = (Gy cos Bo — Goo sin Bo)k, + 
are strate 19. 2). e Force 0 ¢ *O 2 0 . . . . 
~ . - 8 _ I (Gio sin Bo + Goo cos By) Ke + Gyk3 


The equations of motion of the blade lug are therefore 


mo} at + ax + re — 2? cos*yo(aQié + dex + ref) + FO2(ro + a1 + a2 +r){ = 
Ny sin Bo + Now cos Bo + T» + Fy (¢ = X, ] 
20 cos yo(ayeé + 2X + rot) — Q?(79 + a + de + r2)} = N30 + T2(¢ pet x) _ Fy 


j 
Me) 2A4 
Ag — (C — B)gQ? sin? yo = —Gw cos Bo + Geo sin Bo + 73(Mio sin By + Ne cos Bo) + 
R2Fi(f — x) — Fale + 1m) (E — x) — (Re + )T? 


(3.5) 


where mz, is the mass of the lug. 
If, in the second of (3.5), we neglect the first-order terms which are small in comparison with the constant terms, 


we find that F:; is constant and 
(3.6) 


Fy, = Ny + mgQ?(ro + a, + a2 + 12) 


In what follows, we shall use this equation in place of the second of (3.5). 
The elimination of x and 7% in the first and third of (3.5) by means of the second of (2.1) and the last of (3.2) pro 
vides the two equations 
Qmedit + mg(Re + re)—& + | (Fo/2)[1 + (a1/a2)| — 2mea,Q? cos? yo} + 
| — (Fe 2)(2 _ (Re ds) | — Me(ro + ay + ae + ro sin? = Rs cos” wit = Nio sin Bo + Ng cos By 
(3.7) 


Rs 2 R, — R( Ry — re 
2 : Yo ay( 2 2] t + fF |r ~ 2( 2 | + (C —_ B)Q? sin? vopi = 


2a» 


é 2a» 
—r3(Nio sin Bo + Noo cos Bo) + Gi cos By — Goo sin Bo 


A classical reference 


Ap + Fe] 


The blade motion equations are based upon Bernoulli-Euler bending theory with pretwist. 
for the derivation of such equations is Love’s text on elasticity.” We employ the sign convention of that reference 
The blade axis is initially straight; the mass and elastic axes are assumed to 
The pretwist rate Oy /Ox; is assumed constant and sufficiently 


which we have summarized in Fig. 6. 
The curva- 


coincide, and torsional deformation is neglected. 
small that powers of it above the first, and itself when multiplied by small quantities, can be neglected. 


tures are 
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= — (0°22 0x3”) + 2(Oy 0x3) (Ov, Ox3) ko = 077; Ox; = 2(oy Ox3)(Ov2 Ox3) T= oy Ox; 


-rt on Ky 
On employing these curvatures, neglecting products and powers of small quantities, and using the basic equations of 
reference 2, we find that the equations of motion are 
OM ( oy OF = vy, _ 
OX: Ox” a Ox: Ox3 sai Ox: ; 
(rs + px)fQ? sin yo cos (8 + yo) — } (v1 — pw sin B) sin? (8 + yo) + 
(v2 — py cos 8) sin (8 + yo) cos (8 + yo) — (rs + po)qi{ 2?] 


ON, O 07x Oy Ov ' . ; 
> = v Ni + ( +2 ¥ ‘) N; = m (tio - | Po = (5 p»)t} cos B + 
v3 X3 


(3.3) 
0; a } P10 = (14 + pot} sin B —_ 





No=m™m 


> (3.8) 


Ox; Ox: Ox: 
(rs + p»)fQ? sin yo sin (8 + yo) — | (% — pw sin B) sin (8 + yo) cos (8 + vo) + 
(v2 — pw cos B) cos? (8 + yo) — (rs + proo)ge}Q?] | 


OG, Oy _ : OG» Oy 
— G.— Nz = 0 G N, = 0 
Ox: Ox: i 7 Ox; + Ox; ; - 


: 07x» oy ot) (= oy =) 
G,= —B +2 Go = By —2 
(S Ox: Ox: ? i Ox;” OX: Ox: 


where py and px are given in (2.13), m is the mass per 
unit length of the blade, 4, is the bending stiffness 1 
about the u,-axis, and B, is the bending stiffness about 
the u,-axis. A detailed derivation of (3.8) is given in 
reference 5. An alternative form of these equations is 


ON; Ox: = —mQ?(ro + ay a a2 + Ys + 3 + X3) | 


(3.8) 


given in reference 4. = 


(IV) Illustrative Example and Discussion 








| The equations of the previous section and the pro- — =, 
3.4) cedure outlined in Appendix C have been used to de- G, 
termine the first two natural frequencies and mode 
shapes of the blade described in Fig. 7. In the ex- 
tended position, the outer edge of the platform is lo- / 
cated at 3.2 in. from the center of the disc and the length / 


fore 


Fic. 6. 


3 Np 50 . 
os ths be l= (degrees) 


< 
Y IT = Imax (107 in) 
Fe IM = Imi, 0% in) 
“e IV = Area (10 in®) 





w 
Cr 
“a 
~ 


\ 4c} —-—_-- ——-——- +- 


"ms, 
<a 
3.6) 


30;-— —— 


r0- 
of the blade is 5.038 in. The disc is assumed to be 
rotating at a speed in excess of 12,000 rpm. The re- 
sults are presented in Fig. 8. The first two natural 2o.—____—__—_ a | 1 
frequencies were found to be 542 and 2,561 cps, respec- 
tively. That is, at these frequencies the determinant 
which is a measure of the joint magnitude of the set of 


+ 
li 


tip tractions vanishes. 10 
For comparison, the natural frequencies have been 

computed and are shown for the same blade when 

1 to clamped at the base and also for the case of the pinned 

tly blade when the diameters of the pin and of the holes J 

va- in disc and lug are equal but the pin is free to roll in 3.2 ¢ 5 6 ? & a250 

these holes. The latter case is designated as ‘‘simple Fic. 7. 
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constraining moment at the center of the pin in the 


Simple 





























Mode ¥ | fF | support | <lomped 
ne I | esi |-eoee | e3teps | aaaeps | loose pin case while this moment vanishes in the case of 
ZT | -408 | 0092 | 26/2cps | 2546 cps . . 
- the snug pin. It should also be noted that the case in 
06} which the blade acts as a physical pendulum has not 
ost “Gage been included although this might be considered to 
gall yield the fundamental mode for the case of the snug pin. 
ot - — Trin) 
02 
O04} 
Second Mode References 
Oe; 
1 Synge, J. L., and Griffith, B., Principles of Mechanics, 3rd 
ost . . , , - 
Ed., McGraw-Hill Book Co., Inc., New York, 1959 
“10,4 
2 Love, A. E. H., The Mathematical Theory of Elasti: ty, 


4th Ed., Ch. 18-20, Cambridge University Press, 1934. 
3 Bogdanoff, J. L., and DeGroff, H. M., 1 & P Forced Motion 
and Torsional Vibration of Propellers, Aeroproducts Operations, 


support” and it appears that the fundamental frequency Inc., November 1954. 


for this case is slightly lower than that for the case of the 4 Houboult, J. C., and Brooks, G. W., Differential Equations 


loose pin. This may be explained by the existence of a of Motion for Combined Flapwise Bending, Chordwise Bending and 
: : Torsion of Twisted Nonuniform Rotary Blades, NACA TN 3905, 


February 1957. 
Appendix A 
The velocity of G is given by the formula 
Ve = 6rg/bt'+ Q, X re (A.1) 
where r, is given by (2.5) and Q, by (2.4). But 


6rg/6t = (aé cos E + ax cos x + ref cos £)jo + (—aé sin — — ax sin x — mf sin £)j; 


and 
ji Je Js 
Q. X re = |Qeos yo — F —Q sin yo 0 
0 a, sin € + a sin xy + ~ sin ¢ r% + a, cos — + a2 cos x + 72 cos ¢ 


= —(7 + a; cos — + a. cos x + 7 cos £)Q sin Yo ji 
—(r + a, cos — + a2 cos x + 7 cos £)(Q cos y — &) jp 
+(a, sin — + as sin x + 7 sin £)(Q cos yy — &) js 


so that 
Ve = —)(% + a cos — + a cos xX + 72 cos £)Q sin yo} jr + 
}Mé cos § + axx cos x + mf cos £ — (rm + a; cos — + az cos x + 7 Cos £)(2 cos yy — &)} jo + 
) — (a€& sin € + acx sin xX + ref sin ¢) + (a; sin € + az sin x + r2 sin £)(Q cos - — f)i js 


The acceleration of G follows from the equation 


a; = (dv,/dt) + Q, X Ve (A.3) 


with 
bv,,/6t = }(qé sin — + aox sin x + ng sin F)Q sin yol jy + 
}@é cos & — ay? sin E + aoxX cos xX — aox? sin x + m€ cos ¢ — rot? sin ¢ + 
(ro + a; cos — + a2 cos x + 72 cos £)F + (é sin — + aox sin x + mf sin £)(Q cos yo — Hf jo + 
} —(aé sin € + a? cos E + ax sin x + ax? cos x + m€ sin € + me cos ¢) — 


(a, sin € + az sin x + re sin $)— + (aé cos — + ax cos x + mf cos £)(Q cos yo — &)} jz (A-4) 


Q, X Ve = }(amé sin € + ax sin x + rf sin ()Q sin yo — (a, sin — + as sin x + re sin ¢) X 
(2 cos yo — §)Q sin yo} ji + | (ME sin E + ax sin x + m€ sin £)(Q cos yo — &) — 
(a; sin € + ay sin x + 72 sin £)(Q cos yo — §)*{ jo + | (aé cos E + asx cos x + re& cos ¢) X 


(Q cos yo — £) — (% + a1 cos — + a2 cos x + 7 cos £)(2Q cos yo — £)? — 
(ro + a; cos — + a2 cos x + re cos £)Q? sin? yo} jz (A.5) 


and the transformation 
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PINNED ROTATING BLADE LINEAR VIBRATION 


ji _ k, 
= cos (k, + sin ¢k; 
—sin ¢k, + cos cle, | 


Yl 
| 


The linearized form of ag is given by (2.6). 


The rate of change of the angular momentum of the blade lug, hg, is computed as follows: We have 
Q, = (Qcos yo — F)ki — Q sin yo cos (ke — Q sin yp sin Ck; 


and from (2.7) 


h, = A(Q cos yo — $)k,; — BQ sin yo cos fk» 
— CQ sin yo sin Ck; 


Since 
bh, /6t = —Afk, + BFO sin yo sin fk, — C&Q sin yo cos fk; 
and 
k, k, k; 
Qa, X he = Q cos yy — ¢ —Q sin yo cos ¢ —Q sin yo sin ¢ 
A(Q cos yo — &) — BQ sin yo cos ¢ —C(Q sin yo sin ¢) 


we easily find that 
he = (dh, /ét) + Q, X he 
= }—Aé + (C — B)Q*sin® y cos ¢ sin (fk, 
+ } B&Q sin yo sin £& + (C — A)(Q cos yo — F)sin yo sin ¢} ke 
+ }—C€2 sin yy cos § + (A — B)(Q cos yo — S)sin yo cos Ck; 
The linearized form of (A.9) is given in (2.8). 


Using (2.10), (2.11), and the formula vp = (é6rp/ét) + Q; X rp we find that 


vp = }% — pw sin B + (—Qcos yo sin B — Q sin y cos ¢ cos B + & sin B)(r4 + poo) + 


(v% — pw cos B)(Q sin yo sin ¢)}i; + }% — pw cos B — (% — pw sin B)(Q sin yo sin ¢) — 
(Q cos yp cos 8 — Q sin yo cos ¢ sin B — & cos B)(rs + poo) fic + 

} (v2 — pw cos B)(Q cos yo cos 8B — Q sin yo cos ¢ sin B — € cos B) — 

(v; — pw sin B)(—2 cos yo sin B — Q sin yo cos ¢ cos B + & sin B) fis 


The acceleration of P is obtained on combining (A.10) and the formula 
ap = 6v,/édt + Q; X Vv, 


}i — pw sin B + (QF sin yo sin ¢ cos B + & sin B)(r4 + poo) + (% — pw cos B)(Q sin yo sin ¢) + 


ap 
(v2 — pw cos B)(QE sin yo cos ¢)} + (—Q cos yo sin 8B — Q sin yo cos ¢ cos B + & sin 8) X 
}(% — pw cos B)(2 cos yy cos B — Q sin yo cos ¢ sin B — & cos B) — 
(v%; — pw sin B)(—2 cos yo sin 8B — Q sin yo cos ¢ cos 8 + & sin B)} + 
(Q sin yo sin ¢) }% — pw cos B — (v, — pw sin B)(Q sin yo sin ¢) — 


(Q cos yo cos B — Q sin yo cos ¢ sin B — & cos B) (74 + poo) |i + 
[;}% — pw cos B — (% — pw sin B)(Q sin yo sin ¢) — (v% — py sin B)(QE sin yo cos ¢) + 
(QE sin yo sin ¢ sin B + & cos B)(rs + px)} 
(Q sin yo sin ¢) }% — pw sin B + (—Q cos y sin B — Q sin yo cos ¢ cos B + & sin B) X 
(rs + poo) — (v2 — pw cos B)(Q sin yo sin ¢)} — (Q cos y) cos 8 — Q sin yo cos ¢ sin B — € cos B) X 
{ (2% — pw cos B)(2 cos y cos 8 — Qsin yo cos ¢ sin B — § cos B) — 
(v; — pw sin 8)(—2 cos yp sin 8 — Q sin yo cos ¢ cos B + & sin B)} Jie + 
[} (d2 — py cos B)(2 cos yo cos B — Q sin yo cos ¢ sin B — € cos B) + 
(v% — pio cos B) (QE sin yo sin (8 — & cos B)— 
(2; — py sin B)(—2 cos yo sin B — Q sin yo cos ¢ cos B + & sin B) — 
(v; — pw sin B)(QE sin yo sin ¢ cos B + & sin B)} + 
(Q cos yy cos 8B — Qsin yo cos ¢ sin B — & cos B)}%. — py cos B — (% — py sin B)(Q sin yo sin ¢) — 
(Q cos yo cos B — Q sin yo cos ¢ sin B — & cos B)(r4 + p)} 
(—Q cos y sin 8 — Qsin yo cos ¢ cos B + §& sin B)}% — pw sin B + 
(—Q cos yo sin 8B — Q sin yo cos ¢ cos B + & sin B)(rs + poo) + 
(v2 — py cos 8)(Q sin yo sin £)} Jis 


) 
)} 
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(A.6) 


(A.8) 


(A.9) 


(A.10) 


(A.11) 


(A.12) 
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To transfer to the unit vectors u),U2,u;, we need the equations 


i) = uy — Ou + GQ Us iy — Ou; + Us + g Us i; = —Gi Ui — go Ue + Us (A.13) 
where 
Ov; oy Ov» oy 
¢ = a Ve G 9 = + Uv (A. l 1) 
n Ox: OX; i Ox; Ox: ; 


Eq. (2.12) is the linearized form of (A.12): 


ap = [t; — pw sin B + (74 + pw)f sin B — (ve — pw cos B)Q? sin (8 + yo) cos (8 ny y= 
(v% — pr sin B)Q? sin? (8B + yo) — 27(1% p»)f sin yo cos (8B + Yo) ji; 
[ts — py cos B + &(rs + pw) cos B + 27F(rs + po)sin yo sin (8 + yo) — 
(v2 — py cos B)Q? cos?(6 + yo) — (%1 — pio sin B)Q? sin (B + yo) cos (B + Yo) lie 


Appendix B 


To relate blade deflection to axes fixed in the disc, such as the I, Is, I; axes, we need a series of transformations. 
At P of Fig. 2 the displacement is 


0 = %) ih + v% by (B.1) 
But 
i; = cos (69 + ¥) ki + sin (@, + y) k | B2 
iy = —sin (8) + ¥) k, + cos (& + ¥) kof 
so that 
o = 12, cos (By + Y) — vw sin (By + y)} k, + }x sin (By) + ~) + wm cos (By) + P){k (B.3) 
Eq. (B.3) gives the displacement of ? in terms of unit vectors k),k»,k; at G. 
To get to ji,je,jz; axes, we make use of the transformation 
k; = ji k, = cos ¢ jo — sin ¢ jz k; = sin ¢ jo + cos ¢ jz (B.4) 


and the displacement 


o¢ = 1(R; — n) sin é + (R: — 1) sin x + 7 sin ¢} jo + 
1(Ri — n)(1 — cos &) + (Re — 1)(1 — cos x) + 72(1 — cos £)f js (B.S) 


Then, since the displacement of ? with respect to ji,jo,js is @ + o¢, we have on combining (B.5) and (B.4) 


op = {v1 cos (B + ¥) — v sin (Bo + ¥)} ji + 

* sin (Gy + W) cos ¢ + vw cos (By + W) cos ¢ + a sin —& + ay sin x + 7 sin ct jo + 

} —v sin (By) + W) sin £ — v2 cos (By) + W) sin ¢ + a)(1 — cos £) + ax(1 — cos x) + “(1 — cos c)} js (B.6) 
where (2.2) has been employed also. 


Finally, with 
jr = cos yoI,; + sin yole je = —sin yol, + cos yole js = I; (B.7) 
we find 


op = iv [cos (89 + W) cos yo — sin (8 + W) cos ¢ sin yo] — 
vo[sin (Bp + W) cos yo + cos (Bo + ¥) cos ¢ sin yo] — 
(7, sin € + a2 sin x + 7 sin ¢) sin yo} I) + 
} 2, [cos (Bo + W) sin yo + sin (8) + yw) cos ¢ cos yo| — 
ve[sin (By + W) sin yo — cos (8) + wW) cos £ cos yo] + 
(a; sin — + ay sin x + re sin £) cos yo} Ip + 
}—v sin (8 + W) sin £ — m cos (8) + W) sin ¢ + 
a,(1 — cos €) + a(1 — cos e + r(1 — cos ff I; (B.S) 


In this nwo (B.8), x is related to £ and ¢ through the second of (2.1). 
If €, x, ¢ are small, (B.8) simplifies to 


op = ies cos (89 + ¥ + Yo) — v. sin (Bo + Y + yo) — (iE + Geox + ref) sin ro} I+ 
{v1 sin (Bo + ¥ + Yo) + v2 cos (By + + Yo) + (GE + aex + ref) cos Yo} L 
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Appendix C 


Numerical Analysis 


Eqs. (3.8) form a ninth-order system of differential 
equations which, after appropriate transformations, are 
best integrated numerically with the aid of an electronic 
digital computer. The third of (3.8) may be integrated 
directly using a suitable quadrature formula subject to 
the boundary condition that the axial traction vanishes 
at the outer end of the blade to yield the values of N; 
which are needed in the first two of (3.8). The re- 
maining equations form a system of eighth order in the 
dependent variables 7, v2, Ni, No, Gi, and Gs. 

For steady harmonic oscillation—e.g., free vibration 
or steady-state forced vibration—this eighth-order sys- 
tem of partial differential equations of motion is readily 
reduced to an eighth-order system of linear ordinary 
differential equations by means of the substitutions 


11(X3,t) = 2, sin wf, etc. (3) 


where @, = @)(x3), ete., representing the local amplitude 
of the corresponding dependent variable, and w = 
circular frequency. 


With the introduction of two new variables, 
@, = di,/dx3 @. = di»/dx3 


and some simple algebraic manipulation, the system of 
equations may be written as a set of eight first-order 
differential equations of the form 


dy, = 
‘=> 4a,Y,, gp 1,2,...,8 €Z 
dx3 ie. 

where J], ], represent the eight dependent variables, 
i, do, D, D2, Ni, No, Gy, and G2, and in which the angular 
velocity, the frequency of oscillation, the dimension 
px», and the amplitudes of certain displacements of the 
attachment (contained in ¢, py) appear as constants. 


The equations of motion of the lug (3.7), may be 
solved for the amplitudes of — and ¢ in terms of the 
shears and couples which exist between the root of the 
blade and the lug. These results, together with (2.1) 
and (2.13), are now used to eliminate ps) and the dis- 
placements of the attachment from the modified set of 
equations (C.2). 

Recalling that v, and v2 are, in fact, displacements 
relative to axes attached to the base of the blade, we 
may take four boundary conditions at the base of the 
blade as 


Z,=2. = = ®% = 0 (C.3) 


In order to integrate (C.2), we transform the prob- 
lem from a two-point boundary value problem to an 
initial problem by means of the replacement of each 
dependent variable by a linear combination of four new 
dependent variables: 


1 = Gyan (x3) + Goo8,(x3) + 

Nyoyilxs) + Noi (x3) 
2 = Gyoavo(2"3) + Gop8o(x3) + 

Nyov2(x3) + Noepbo(x3) 
@, = Gyoas(x3) + Goo8s(x3) + 

Nw (x3) ++ Noods(x3) 
B= Gyay(x3) + Goo8s(x3) + 
ri : _ Niovs(xs) + Noods(xs) (C4) 
Ny = Gyas(x3) + Gao8s(x3) + 

Nyvs(xs3) + Noods(x3) 
N. = G ag(X3) + Go 86(X3) + 

Nrorve(xs) + Naode(xs) 
Gy = Gyar(x3) + Go7(x3) + 

N, (x3) + NooS7(x3) 


oy7 
Gy = Gyas(xs) + Gan8s(xs) + 
Nyorys(x3) + Noods(2x3) 
in which we have, in fact, taken the weighting functions 
to be the amplitudes of the tractions at the root of the 
blade. With the substitution of (C.4) into (C.2), the 
resulting equations may be integrated for four linearly 
independent but otherwise arbitrary sets of weighting 
functions—for example, the following convenient 











scheme: 
Case Gu Ges N, N2 
I 1 0 0 0 
II 0 l 0 0 
III 0 0 l 0 
IV 0 0 0 l 





Each of the four sets of differential equations is now 
integrated numerically using an appropriate quadrature 
formula such as the Runge-Kutta fourth-order process. 
The values of the resulting solutions at the outer end of 
the blade yield the values of the amplitudes of the 
transverse shears and couples at the tip (v; = q@) in the 
form 
Mia - Goas(a) + Gop85(a) + 
Nwys(a) + Noods(a) 

N., = Gyoag(a) + Gp85(a) + 


-a 


Ye(a) T Nop5e(a) (C.5) 


an 


Gi. = Goa;(a) a G3;(a) 


“i+ 


wYy7(a) + No 57(a) 


( = Gyoas(a) + Gix93s(a) 


-a 


+4- 


Nwys(a) + Noods(a) 


In the case of free vibration, these tractions will 
vanish simultaneously and (C.5) will reduce to four 
homogeneous algebraic equations in the weighting 
functions as unknowns. These can have a nontrivial 
solution if, and only if, the determinant formed by the 
coefficients of these quantities vanishes, or 

| as(a) 8;(a) ¥s(a 5;(a) 


) 
saw | ae(a) Be(a) i 66(a) = 0 (C6) 
) 


a7(a) B7(a) ¥7(a@) 67(a) 
| ag(@) Bs(a) ys(a 5s(a) | 


(Continued on page 609) 








Influence of Large Amplitudes on Flexural 


Vibrations of a Thin Circular Cylindrical Shell 


HU-NAN CHU* 
The Martin Company 


Summary 


In this paper are derived the equations of nonlinear flexural 
vibrations for a thin circular cylindrical shell. The assumptions 
employed in the various steps of derivation are clearly set forth. 
Axial body force terms which may be of practical importance are 
included in the equations. Nonlinear periods are obtained 
for the free vibrations case. Numerical examples are given for 
a shell with a radius thickness ratio of 100 and two numbers of 
The results are plotted and 
In these ex- 


circumferential waves, 8 and 10. 
compared with a previous study on flat plates. 
amples, nonlinear effects are found to be considerably less mani- 
fest in cylinders than in corresponding flat plates. 


Symbols 

X,¥,2 = axial, circumferential, and radial coordinates, 
respectively; also used as subscripts to 
denote quantities in these directions 

e,€ = linear and nonlinear strain components, respec- 
tively, with appropriate subscripts 

Wr Wy = rotations about x axis and y axis, respectively 

R,h = mean radius and thickness, respectively, of the 
shell 

p mass density of the shell 

o = stress components, with appropriate subscripts 

N,,N,,N:, = in-plane forces defined by Eq. (6) 


M,,M,,M,, = bending moments defined by Eq. (6) 


n,S = normal and tangential coordinates, respec- 
tively, of a boundary curve; also used as 
subscripts; used only before Eq. (17) 

ig = components of external traction, with appro- 
priate subscripts 

F,,F y,mz defined by Eq. (9) 

[my | 

A, = components of body force density 

U,v,W = middle surface displacements defined by Eq. (4) 

E,G,D = Young’s modulus, shear modulus, and flexural 
rigidity, respectively 

F = stress function defined by Eq. (20) 

Neihy = axial and circumferential half-wavelengths, 
respectively 

L = Xz 

r = d,y/Az 

n = number of circumferential full waves; used 
only after Eq. (23) 

H(t) = time function in nonlinear vibrations 

A = amplitude of flexural vibrations 

B = A/h 

K(k) = complete elliptic integral of the first kind 

k defined by Eq. (32) 


(1) Introduction 


’ i ‘iE IMPORTANCE of including nonlinear effects in 
problems regarding strength and stability of 


Received May 2, 1960. 
* Structures Research Staff, The Martin Company, Denver, 


Colo. 
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modern flight structures has been made clear largely 
by the works of von Karman,! Tsien,? and Donnell.* 
The method advocated by von Karman and Tsien,’ for 
example, has become virtually standard procedure in 
the solution of stability problems of thin cylinders. 
Specifically, these nonlinear effects are introduced 
through the inclusion of the second-order terms in the 
strain—-displacement relations. These second-order 
terms are quadratic in the rotations of the cross sections. 
For reference, the reader may turn, for example, to 
Biot*'* and Novozhilov.’ 
Similar effects have been 
problems by such writers as Carrier,® Eringen,’ Chu 
Reissner.? One difficulty in 


considered in vibration 
and Herrmann,* and E. 
problems regarding nonlinear vibrations of 
bodies appears to be that the meaning of normal modes 
(which are powerful tools in linear vibration problems) 
becomes obscure since time and space variables are uct 
separable in most nonlinear vibration problems. 

However, since one reason for studying nonlinear 
vibrations of plates and shells used in flight structures 
is the solution of problems regarding panel excitations, 
and since some experiments'’'® do indicate that the 
panel behaves like a forced nonlinear system with one 
or two degrees of freedom, we are therefore guided 
toward finding these vibrational modes. One ap- 
proach involves simply the investigation of free vibra- 
tion problems. The mode shape assumed is the first 
normal mode shape in the linear theory and is also con- 
sistent with the experiments. 

These observations would seem to put us in a situa- 
tion similar to that of the late 1930's regarding stability 
problems of thin cylinders—that is, the eigenvalue 
character of the problem becomes lost in changing from 
the linear to the nonlinear case and we must rely heavily 
on clues derived from the experiments. 

Our approach in this paper is similar in some ways to 
that of E. Reissner.* The differences would be in pre- 
sentation and interpretation, in various points of empha- 
sis, and in our systematic derivation of equations of mo- 
tion from a set of consistent assumptions. These equa- 
tions of motion include terms not included in those de- 
rived by Marguerre'! and used by E. Reissner.? The 
terms in question extend the present work to practical 
problems under contemplation. However, since the 
problems regarding the free vibrations must first be 
solved, these extra terms are merely presented in this 
paper. Also, examples are worked out with a view to 
possible application to the flutter and panel excitation 
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problems. We start, however, by deriving the differen- ; : a 
Z A Fic. 2. Influence of large amplitudes on period of vibrations 


tial equations of motion. Number of circumferential waves, n = 8 


(2) Stress Equations of Motion 


(a) Strains and Displacements 
The strain expressions in which the second-order terms are included may be found in a number of references, in- 
cluding, for example, Novozhilov.6. When applied to cylindrical shells in which the shell thickness is small compared 


to the radius, they read 


€rr = Cre t (1/2)wy*, Egy = Coy + (1/2) we*, Eee = Cee t (1/2)(w,? + wy*)t (1) 
€yz = Cyz, €ry = Cry — Wry, €yz = Crzz f 
where 
Crr = OU;/OX, Cy, = Ou,/Oy + u,/R, 2. = OUu,/OZ { (2) 


Cry = OM,/OX + Uz /OY, ep: = Ouz/Oz + OU,/OK, Cys = Ou,/Oy + Ou,/dz — u,/RF 


are the strain components in the linear theory, and 


1 (Ou: 9 Ou, 1 fou, Ou, = 
a, = = at ’ w, - omg (3) 
“4 
2 \oy R Oz 2 \ oz Ox 
are the components of rotation. «u,, u,, and #, are the axial, circumferential, and radial displacement components, 
respectively. x and y are the axial and circumferential coordinates, respectively, measured along the middle sur- 


face of the undeformed shell, while z is the radial coordinate measured from this surface. XK is the mean radius of 
the undeformed shell. 

Next, we consider only those problems in which the displacements are predominantly flexural. The term u, KR 
in Eqs. (2) and (3) can therefore be neglected. In addition, if in these problems the characteristic dimensions in- 
volved (the axial and circumferential wavelengths, for example) are large as compared to the shell thickness, we can 
assume the displacements to be 


u, = u(x,y) — 2(Ow/Ox), u, = v(x,y) — 2(Ow/Oy), uz = w(x,y) (4) 


y 


where the transverse shear deformation is neglected. 
The strain expressions of Eq. (1) can now be calculated by using Eq. (4). The result is 


_ Ou 4 l (sy Ow _ ov 4 w ‘ | (ey _ Ow 
“7 ax ' 2 \ax “ax2? “™ ~ ay " R * 2 \ay ” Oy? 


a (~) - l (ey _ ov ‘ ou 4 Owdw . Ow 
“= 2 \ax 2 \doy/’ ww" de oy Ox Oy ~ Oxdy 


(b) The Strain-Energy Expression 
We shall neglect the contribution in strain energy due to a,,. The discussion will therefore be limited to ire- 
quencies below that at which o,, becomes important—.e., frequencies of the thickness-stretch vibrations.'* This is 
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604 JOURNAL OF THE AEROSPACE SCIENCES—AUGUST 1961 
acceptable since this paper will discuss the effect of large amplitudes on those flexural vibrations whose frequencies 


are far below those of the thickness-stretch modes. 
The strain-energy expression is then 


I . 
W = = {ff (Grr€rz + Cyy€yy + Ory€ry)dxdydz 
i {ff j [ ou 4 l (my P | . |= 4 w " 
~ Q é | ie 2 \Ox ” Ox? ow oy R 


l (=) = | 4 E 4 Ou 1 wow | Ow i} cl ia 
—g i — 22 - dx dy dz 
2 \oy Oy? Pr | Ox oy Ox Oy oxdy If 


h/2 h/2 h/2 
N, = f o,,dz, N, = f o,, dz, Nyy = f or, ds 
—h/2 —h/2 —h/: 


If we define 


eh/2 h/2 } : (6) 
a | Cusds, M,= f 6, 8d, My = f desl 
—h/2 —h —h/2 
where / is the shell thickness, the strain-energy expression can then be written as 
a ow \? O*w Ov w ow \” 
— M, 5 N, - 
=5 If v.[ St + x 2 (=) | 2 T AS r R - 2 =) | 
0*w = Ow O*w 
M, + Ny | 5 + a | 2, ——Sdele CD 
° *.* Ox Oy dxdy I 


The strain-energy variation becomes 


v-f [fa E (Ot + ow om) _y O*6w +N (= 4 Ow dw ‘ ©) _ 
Ox Ox Ox * Ox? “\ oy Oy OY R 
M. o76w LN (= r Obu 4 Ow dw i“ ow oe) on 075w ‘| dxdy 
” Oy? * \ Ox oy Ox Oy oy Ox ” Oxdy 


which may be integrated by parts to yield 


sW = gin. i 0 ay te ua(5 “) + Nye 6, + 
on Os On 
OM, dw + 2 OM ns ia | ds — {f- pe +e bu + | Nev + 4 dv + 
On Os Oy Ox Ov 
E M, 4 o°M, is o°M,, 4 ra) (x. ~~) in re) (1 ®) 1 
Ox? oy? Oxdy Ox ox oy ’ Oy 

Oo _ Ow O _ Ow N, 
a (a 4 os > (\ = = - > | swt dxdy (8) 


where the line integral is to be taken around the curve bounding the middle surface of the shell element under con- 
sideration, and » and s are the normal and tangential coordinates, respectively, to this boundary curve. In setting 
up Eq. (8), use was made of 


Whe (N,6u) +5 > i) dxdy = ri N,6u, ds, etc., 
bw Mas 
and _ ra Mae : ds = $ : w ds 
Os Os 


(c) The External Work 
Let f,, f,, and f, denote the x, y and z components, respectively, of the surface tractions per unit original area. The 
external work then becomes 


- f (fete + fytty + fue) dS 
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where SS indicates the tota] external surfaces. The external work variation is then 
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h/2 
éW, = ff [ f,6u, + fou, + fbuz\e= 5 2 dxdy a is gf (fnrdUn + fous + f6u:) dzds 
—h/2 


Hence, by the assumed displacements of Eq. (4), we have 


BV, Wie (s =) + f, (s =) + f.6 Ea 1xd 

= 7(6u— 3s y\ ov — 2 OW xdy 
ve . Ox és oy : | oie . 
gi h/2 


to 
F ie 
2 
| 
rs) 
o | 
Sis 
a 
tb 
eo 
& 
| 
rs) 


Now, if we define 


h/2 h/2 reh/2 
7 s=h/2 r 
m, = sf,l--i/2 N.* = f fidz, N.* = i) f.dz, Q, = | fds 
—h/2 —h/: h/2 


then the external work variation may be written as 


: : : Om, om, 
sv, = ff | Fu + F,ov + ( + - =F a) w | dxdy + 
Ox oy 14 
( 


OM,.* Ow 
g | Wri, + N,,* du, + (0. —m, + ) ae — M,,*6 ( )] i| 
Os On 


where use has been made of 


* Obw Odw * (om, o 
| { (m. ~- + My ae ) dxdy = g m,ow ds — f | (= + =) w dxdy 
bw  OM,.* 
and = g | ag ds = g éw ds 
Os Os 


(d) The Kinetic Energy Expression 


The kinetic energy is 


1 sf sp 
T= = ff foci + u,*? + u,") dxdydz 


which by means of Eq. (4) may be written as 


1 (f Ow \” a \* 
T= 3 fff A ( —2 “4 + (« — 3 ~) + w| dxdydz 
_ it Pe - | A fow\? — h® (Ow\* , 
“> p| hu? + hd? + hw? + 12 \ ax + 12 \ ay dxdy 


where the dot indicates differentiation with respect to time. Hence the kinetic energy variation is 


7 ' or ..,  PReow. = ph Ow _ » dp \ dx ph? Ow 
67 = ff (on 6u + phi 6s — 12 Ox? bw — 12 dy" bw + phw su) dxdy + ¢ 7? oe ot ds 


which may be integrated by parts with respect to time to yield 


deem ° h*® (mo dw I . g ph® Ow 
67 dt = _ — hi &v w — hw dw | dxdydt — w ds ¢ 
f G f Jfel hu bu hi 60 + 12 (= + =) 6 hi 6 | dxdydt § 12 On bw ds dt 


in which the variations at ¢; and f. have been set to zero. 


(e) The Work of Body Forces 
Let X, Y, and Z be the x, y, and z components, respectively, of the body force per unit original volume. 
variation of the work of body forces can then be written as 
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6Ws = fff (X du, + Y bu, + Z buz) dxdydz | 
du 02 (12) 
= IS [x(a a “) + ¥ ( —s ") + Zoe | dxdydz 
Ox oy : 


h/2 h/2 a h/2 
x -{ Xdz Ff -{ Yd, Z= f Z dz (13) 
—h/2 —h/2 —h/2 


then Eq. (12) may be written as 


r Ow Ow 
bWe = ff [X 8u + Y ov + Z bw] dxdy — fff | x (5) + yao) | deady 
x y 


If we limit ourselves to those problems in which 


h/2 
f (X + Y)zdz = 0 


—h/2 


If we define 


we will then have 


5W, = ff (X 6u + Y 6v + Z bw) dxdy (14) 


(f) The Shell-Stress Equations of Motion 
The variational principle states that among all the admissible states of stress the actual one is that which satisfies 


te 
a Ldt=0 
4 


where L = 7 —-U=T7—W+W.+ Wes. Therefore, from Eqs. (8), (10), (11), and (14), we obtain the following 


set of shell-stress equations of motion: 





ON, , ON, - ON,, oN, a 
_ "+ F, + X = phi F, + Y = pho 
Ox ” ov v a Ov ai oy ail id ” 
OM, eM ou f) ow ow o/,, ow ow , 
z y 2 ry N, Nz, N, Nyy ae (15) 
Ox" ” Oy" OvOV Ov ( Ov + Ney 4 * 2( Oy sf =) 
N, a om, 4 om, 42 te ph® ( 0° 4 ~) . 
. 4 = id ) 
R Ox oy wend 12 \Ox? Oy’ - 
In addition, at the boundary, we have 10 <i gia 


_ y * T — T * — P 
N,=WN,*, Nu=N,,*, M,=M,*, and 


- ph*® ow _ Ow ; 

er a et (16) 0-9 
y 2% 4 My | Mn 

a a On Os O8- 






Since the superposition principle no longer holds in non- \ 
linear problems, a uniqueness theorem similar to that z. 0.7} \ S 
of F. Neumann for the linear case cannot be formulated F 2 Aspect ase ‘ 
in our case. | r= | ri ‘\ 
Eqs. (15) (with the exception of the body force terms 28 o6} 2 + t 
X, Y, and Z) reduce to those equations derived by L. 55 4 ~~ s 
Donnell* when i, #, and w terms are put to zero, and to 5 MNOS 
that equation derived by G. Herrmann" when & tends Hr O5} t t t ] wo 
to infinity. — Cylindrical Shell * J 
As mentioned earlier, the axial and circumferential ——— Flat Plate (Ref 8) 
wavelengths considered in this paper are large com- 0.45 04 08 2 6 20 
pared to the shell thickness. _ Therefore, the term Bo eee 
(ph®/12)(0?/Ox* + 0?/dy*)w in Eq. (15) can be Fic. 3. Influence of large amplitudes on period of vibrations. 


neglected. Number of circumferential waves n = 10. 
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(3) Displacement Equations of Motion 

(a) Stress-Displacement Relations 

In general, there are six stress-strain relations for a 
three-dimensional solid. Since the transverse shear 
strains €,, and e¢,, are neglected in our case, only four 
stress-strain relations remain. Then the strain com- 
ponent ¢,, is eliminated, and we have the following three 
stress-strain relations: 


E v 
Ory = * (€zr i VEyy) = O22 
l1— py l—»p 
E ‘ (17) 
Cy = ° its = VErr) + O22 
1 — pv’ l-vp 
Ory = G ey 


Hence, by using Eq. (5), we have 


E Ou _ 0° w 1 w\? Ov 
ee =,(¢- ‘oa? (=) ad ad 
w 2p v 
"3 +3(3) i =| * cae 
7 E ov ow 1/ow\?  w = 
ee t= Pe Oy? 2 =) v R + (G8) 


or 
Ou 4 y (“) id 4 y 
” Ox 2\ 0x - Ox l— yp _ 


=¢ ( v é Ou 4 ow “ oeG O*w 
™ “Nox " Oy " dx oy ace Oxdy 


which can then be integrated across the shell thickness 
h to yield 


ee Eh |= + 3( 4) 4 
1 — vr? Lox 2\ Ox 
Ov w, vf/dow\? 
‘oe re+3(=) | 


O*w *w 
= -p| ~ + = | 


(19) 


Ww O*w 
M, = -»| 5 +> | 
, Gh (= 4 Ou ow =) 
ee Nox | Oy | dx dy 
ee ee 
7 s Ody | 


in which integrals containing o,, are neglected according 
to comments presented earlier in this paper regarding 
thickness-stretch modes. 


(b) The Stress Function and Displacement Equations 
of Motion 


If we substitute Eq. (19) into Eq. (15), we obtain 


the displacement equations of motion. However, 
equations obtained in this manner are awkward for 
use in many practical problems. The following con- 
siderations therefore appear in order. 

We assume that the shell is free from all external 
forces but subject to the internal pressure p and one 


constant axial body force. F,, F,, m,, m,, Y, and Z 


are then zero, g is equal to p, and X is constant. We 
can, therefore, define a stress function F(x,y) such that 


. = O° r ; o°*F 
Nz+X,=h N, =h Ny = —h 
Oy?’ Ox* Ox0y 
(20) 


Furthermore, if the motion is predominantly flexural 
(as was assumed at the beginning of this paper) the 
longitudinal and circumferential inertia terms, phu and 
phi of Eq. (15), can then be shown negligible according 
to a perturbation procedure.* Therefore, the first two 
equations of (15) are identically satisfied by the stress 
function defined by Eq. (20), and the third equation of 
(15) becomes 


D 0° F 0*w OF Ow OF Ow | 
Viw = - 3 - 


h Oy? Ox? OxOy OxOy Ox? Oy? 
10°F X (~ + =) . a 
Radx? h \Ox * * dx? . oF 


On the other hand, from Eq. (19) we obtain the follow- 
ing equation of compatibility: 


l vie ( O*w ) O*w Of, 1 O°w i 
= - (22 
E OxOy Ox? oy?! R Ox? ) 


and in Eqs. (21) and (22) 
‘= V°V? and V? = 07/dx? + 0?/dy’ 


(as is customary). 

If we think in terms of an axial force field Yx, then 
(X/h)(OQw/Ox) may be referred to as the “buoyancy 
term’”’ while (Xx/h)(0°w/0x?) may be called the ‘‘curva- 
ture term’’—to use a phrase coined by M. A. Biot."* 

Egs. (21) and (22) will form the basis of our following 
discussions. 


(4) Solution of Free Vibrations 


When the shell is free from the external and body 
forces, the equations take the form 


OF Ow 
Oxdy OxOY 
O°F O°w 1 O°F 
Ox? Oy? ~ R Ox? 


D vw + fi O°F 0°w ; 
7 Aq w= —2 
h g oy? dx? 


(23) 


1 P O'w\? wd'w 1 Ow 
5 OO oh + 
E Oxdy/ Ox? Oy? = R Ox? 
Since our purpose at present is to establish the effect 
of large amplitudes in relation to the corresponding 
linear vibrations, we assume that the vibration modes 
form a pattern of equal “‘lobes’” (which is suggested by 
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solution of the corresponding linear vibrations, as we 
shall presently see). Each lobe is characterized by a 
longitudinal and a circumferential half-wavelength, 
\, and X,, respectively. Thus, we may consider each 
lobe individually, and position our coordinates ac- 
cordingly. In particular, we set 

Os 4 24 and —7R/2n < y < wR/2n 


as a “representative lobe,’’ while 1 is the number of the 
circumferential full waves. Apparently, 
L=L and A, = wR/n 

In Fig. 1, the intersections of solid lines represent points 
of maximum positive amplitude, while those of the 
dotted lines represent points of maximum negative 
amplitude (or vice versa). Also, a full- and dotted- 
line intersection represents a point where w = 0. 


(a) Solution of Free Linear Vibrations 

If the nonlinear terms of Eq. (23) are dropped, then 
the corresponding linear equations are obtained. Thus 
1 o°F E O*w) 


—-—- ay = > (24 
R Ox? . R dx?f GH 


) . 
Vw + pd = 


If we assume 


w = A sin (rx/L) cos (ny/R) sin wt (25) 
F = B sin (rx/L) cos (ny/R) sin wtf ”" 


we get 


+= 2/ nr? (7) (,) at 2)2 4 

9 LIB — »%) \R/ \a, " 
(=) rl + ry] (26) 
R 


Note that Eq. (25) satisfies the boundary conditions 
w= 0*w/dxr*? = F = OF /dx* = 0, at 
x=0,L 
w= 0'w/dy? = F = 0°F/dy’ = 0, at 
y = +nrR/2n 
exactly, which are the same as those used in reference 
9. Also, in Eq. (26) and thereafter, r = d,/Xz. 


FP 
or ee = 
al (2/2) (E/p)( 


< 


while 


(b) Solution of Free Nonlinear Vibrations 
We assume that 
w = All(t) sin (rx/L) cos (ny/R) (28) 


in accordance with our assumption that for slight non- 
linearities the effect of large amplitudes lies primarily 
in the frequency of vibrations. From the second equa- 
tion of (23), we then find 


F = EAH 7 I (7)|(z) + (%) | 2 we 
ie \ R\L % R 


in cos 4 4H yl 009 
is OF oe 29) 
sin I cos R 


oe 
fF 32 


|(%.) ( *) : 2Qax (7) (%) 2 4 
cos — cos 
R}] \L Le L/ \R R 


Solution (28) satisfies boundary conditions (27) exactly 


while solution (29) does not, although they both satisfy 
boundary conditions (27) in the limit of vanishing 
aimplitudes—i.e., when they tend tothe linear vibrations. 
However, solution (29) does satisfy the boundary condi- 
tions (27) ‘‘in the mean’’—i.e., when it is integrated 
over the entire wavelength of the boundary. In other 
words, solutions (28) and (29) apply to only that por- 
tion of the cylinder not near the cylinder ends. In 
passing, it may be noted that it is possible to impose 
displacement boundary conditions on uw and v in the 
rectangular plate, while this is not the case for a lobe in 
a complete cylinder. Hence, the boundary conditions 
of reference 8 are not used here. 

If solutions (28) and (29) are substituted into the 
first equation of (23), permitting the collection of the 
first harmonic terms, the following is obtained: 

HT + w*H + (w/2)*(E/p)(A/d,)? X 
(1/A,)? (1 + rH? = 0 (30) 
where w is the linear frequency as defined by Eq. (26). 

If we write 7* as the nonlinear period of vibrations, 
T as the linear period of vibrations, and w* the non- 
linear frequency of vibrations, then, from Eq. (30), 
we find that 


7*/T = [2K(k)/m](w/w*) (31) 


where K(k) is the complete elliptic integral of the first 
kind; and 
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(5) Numerical Examples and Discussions 


Numerical examples are given for K/h = 100 and 
vy = 0.318, which are typical for a thin shell made of an 
aluminum alloy. In Fig. 2, 7 is equal to 8 (of special 
interest in flutter analyses!'') while in Fig. 3, 7 is equal 
to 10 (for comparison). Results from reference 8 are 
reproduced in both Figs. 2 and 3 to show that the 
reduction in period of vibrations is much less for a 
cylinder than for a flat plate. Physically, this is due 
to the fact that the nonlinearities are introduced through 
the in-plane forces such as NV, and N,. In linear vibra- 
tions, these in-plane forces are zero for flat plates, while 
this is not the case for cylinders where V, is not equal 
to zero. The effect of NV, can be seen through the last 
term of (26), which vanishes for flat plates. For 


n 8, this term varies from 7.5 percent of the total 
fof Eq. (26)] for r = 4, to 60 percent of the total for 
r 1. Therefore, the additional in-plane forces aris- 


ing from the nonlinear terms should exert less influence 
for cylinders. This influence reaches a minimum at 
r L. 

Another interesting feature is that the results are 
symmetric with respect to r—that is, Eq. (31) has the 
same value when 7 is replaced by 1/r. This is not as 
obvious for a cylinder as it is for a flat plate. Conse- 
quently, in Figs. 2 and 3, curves for r < 1 do not appear 
explicitly and curve r = 1 is highest. 

In direct consequence of this last observation, if 
finite amplitudes are to be considered, the square wave 
pattern then becomes the most likely mode under the 
assumptions used in this paper. This would facilitate 
the study of nonlinear panel excitation problems, '’'® 
since a mode shape is often assumed to reduce problems 
of this nature into a forced nonlinear system of but 
one or two degrees of freedom. Naturally, the most 
appropriate modes are those which have the least 
strain energies.» In the case of a cylinder, the square 
wave pattern has least strain energy under the as- 


sumptions used in this paper. 


References 


1kKarman, Th. v., Festigkeitsprobleme im Maschinenbau, 
Encyklopadie der Mathematischen Wissenschaften, Vol. IV, 
No. 4, pp. 311-885, 1910 


Pinned Rotating Blade Linear 


Vibration 


2? Karman, Th. v., and Tsien, H. S., The Buckling of Thin 
Cylindrical Shells under Axicl Compression, Journal of the 
Aeronautical Sciences, Vol. 8, No. 8, pp. 303-312, June 1941 

> Donnell, L. H., A New Theory for the Buckling of Thin 
Cylinders Under Axial Compression and Bending, Trans. ASME, 
Vol. 56, p. 795, 1934 

‘ Biot, M. A., Theory of Elasticity with Large Displacements and 
Rotations, Proc. 5th International Congress of Applied Mechan- 
ics, pp. 117-122, 1938 

5 Novozhilov, V. V., Foundations ef the Nonlinear Theory of 
Elasticity, Graylock Press, Rochester, N. Y., 1953 

§ Carrier, G. F., On the Nonlinear Vibration Problem of the 
Elastic String, Quart. Appl. Matb., Vol. 3, p. 157, 1945 

7 Eringen, A. C., On the Nonlinear Vibration of Elastic Bars, 
Quart. Appl. Math., Vol. 10, pp. 361-369, 1952 

8 Chu, Hu-Nan, and Herrmann, G., Influence of Large Ampli- 
tudes on Free Flexural Vibrations of Rectangular Elastic Plates, 
J. Appl. Mech., Trans. ASME, Vol. 78, pp. A5382-—A540, Decem 
ber 1956. 

9 Reissner, E., Nonlinear Effects in Vibrations of Cylindrical 
Shells, Ramo-Wooldridge Corporation Report AM5-6, September 
1955 

Kirchman, E. J., and Greenspon, J. E., Nonlinear Response 
of Aircraft Panels to Acoustic Noise, J. Acoustical Society of 
America, Vol. 29, No. 7, pp. 854-857, July 1957 W. R. Strong, 
unpublished report, The Glenn L. Martin Company, August 
1957 

1! Marguerre, K., Zur Theorie der Gekriimmten Platte Grosser 
Formdnderung, Proc. 5th International Congress of Applied 
Mechanics, pp. 93-101, 1938. 

12 Gazis, D. C. Three-Dimensional Investigation of the Propaga- 
tion of Waves in Hollow Circular Cylinders, J. Acoustical Society 
of America, Vol. 31, pp. 568-578, 1959 

18 Herrmann, G., Influence of Large Amplitudes on Flexural 
Motions of Elastic Plates; NACA TN 3578, May 1956 

144 Biot, M. A., Nonlinear Theory of Elasticity and the Linearized 
Case for a Body Under Ini‘ial S‘ress, Edinburgh Phil. Mag. and 
Sci., Ser. 7, Vol. 27, No. 183, pp. 468-489, April 1939 

'® Holt, M., and Strack, S. L., Supersonic Panel Flutter of a 
Cylindrical Shell of Finite Length, Journal of Aerospace Sciences, 
Vol. 28, No. 3, pp. 197-208, March 1961. In this paper, a re- 
sult from The Flexural Vibrations of Thin Cylinders, by Arnold 
and Warburton, published in the Proceedings of the Institution 
of Mechanical Engineers, Vol. 167 (1953), was quoted. This 
quoted result actually indicates an m between 7 and 8. Since n 
must be an integer and since our paper is concerned with slight 
nonlineerities, 7 is chosen to be 8 

16 Lassiter, L. W., and Hess, R. W., Calculated and Measured 
Stresses in Simjtle Panels Subject to Iniense Random Acoustic 
Loading Including the Near Noise Field of a Turbojet Engine, 
NACA Rept. 1367, 1958 


+ 


(Continued from page 601) 





Thus, to find the natural frequencies, a set of trial 
values of frequency are chosen and, for each of these, 
the integrations are performed as indicated above and 
the determinant of (C.6) evaluated. The zeros of this 
determinant define the natural frequencies. Having 


found a natural frequency, the corresponding values of 
the weighting functions, relative to one of the set, 
may be found from any three of (C.5). Using these, 
the corresponding mode shapes can be determined by 
substitution into the first two of (C.4). 








The Stagnation-Point Boundary Layer in the 
Presence of an Applied Magnetic Field’ 


WILLIAM B. BUSH* 
Space Technology Laboratories, Inc. 


— PURPOSE OF THIS NOTE is to expand upon the 
results of Meyer! and Lykoudis”® concerning the 
effect upon the stagnation-point heat transfer pro- 
duced by the interaction of a magnetic field with an 
electrically conducting fluid in a boundary layer. In 
the following analysis, the restriction of the solution 
to small values of the magnetic parameter’ and con- 
stant electrical conductivity across the boundary 
layer’ that limited the previous two analyses is no 
longer applicable. 

As has been previously shown by the author,’ the 
boundary-layer equations when a normal magnetic 
field (but no electric field) is applied are: 


O( pure’) /Ox + O(pury')/ Ov = O (1) 
Ol o * lu, 
Bs ov , u ("Jui Ff 
Ov oy p dx | 
(: ea) 1 10 ( =| ) 
_ (2 
OU, p Ov “ ov 


oH oll 10 (i oll 
‘Ox | dy pdy\Pr os 


1 oO | (= _ ‘) od " 
(5 
p Oy 4 Pr ¥ oy ; 


where // is the total enthalpy, o is the electrical con- 
ductivity, Q, is the magnetic parameter defined by 


+ Q, X 


7 


| 


QO, = o.Bo"(p. du./dx) (4) 


and where the subscript e denotes quantities evaluated 
at the outer edge of the boundary layer. 
If new independent variables, X and JY, given by 


s * It - Pebe ‘ * [ro ‘ p 
A - |, ("*) Poko ai , - J (7) a ° 


(9) 


are introduced and the velocity at the outer edge of 
the boundary layer has the form 


ue = C(X/L)" (6) 


as can be shown to be the case for stagnation-point 
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flow, and if the stream function and the total enthalpy 


are of the form 


/ ; 
VY = V 2uou-X/po(m + 1) fn) (7) 
HT = [,g(n) (S) 
where 
ae: ; 
n = VV (m + 1) pott./2uoX 


then the equations of motion reduce to: 


a rs 2m 
(Nf ode + Shaq + rere x 


j/pe\[ a , 
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() hie ( ‘ fy) Jal" ” 
(5 ) + f we. EB | Pr)f | 10 
an gn zs ( a= Y / nin 
Py &). oH, | Pr Malm | OY 


where 


N = (pu Pele) 


For isoenergetic flow outside the boundary layer, 
Eqs. (9) and (10) reduce to ordinary differential equa- 
tions with 7 the independent variable if (a) N, (p/p), 
and (o/o,) are either constants or functions of ny; (b) 
Pr is either (7) one or (77) a constant or a function of 
n when (u,”/2/7,) approaches zero or one; (c) Q, and the 
enthalpy at the wall are constants. Conditions (a) 
and (b) in this analysis are satisfied by having 


N =Pr= | 
Pe/p = &(n) (11) 
a/oe = g"(n) 


These representations for the density and conductivity 
ratios are permissible in the stagnation region if the 
properties of the gas are such that these ratios can be 
approximated by 


asa = hh; o/o, = (k/k,)* (12) 


since in this region, (u,”/2H,) ~ O and (h/h,) ~ (77/H,). 
Requiring Q, to be constant means that the component 
of the field normal to the wall, Bo, must have the fol- 
lowing behavior: 

Bo = + V (9, o,)(mu, X)(r Ls)" (pees pow) OQ, (13) 


(which reduces to give a constant in the stagnation- 
point region). 
The equations 
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TABLE 1. 
Shear and heat-transfer functions. 8 = 0.5; gw = 0. 
- = ded 
| oe n=0 n= 3 
ge ; z= g' | ga ] g' 
ae See. oe | : w | Ww | w 
0 0.5810 | 0.4945 0.5810 | 0.4945 
1 0.6651 | 0.5109 0.7609 | 0.5329 
| 10 1.083 0.5722 | 1.809 | 0.6815 
100 2.280 0.6613 | 6.565 0.9827 
BE Bivens Bascal Ben 


g” + fe’ = 0 (14) 
f'"’ + ff" + [2m/(m + 1)] X 
ig{l + Q.(1 — g"f’)] — (f)?) = 0 (15) 
with the boundary conditions 
f0) = f'0 = °| 
7({ = g 
&\ ) bs (16) 
f'(o) = ] | 
go) = 1 


were solved by means of a finite-difference (or line- 
relaxation) technique,‘ since the method of forward 
integration failed owing to the serious lack of informa- 
tion available as to what values to assume for the de- 
rivatives at the initial boundary. 
solution using a transformation to the velocity plane 


The possibility of a 


was also ruled out when an asymptotic expansion re- 
vealed that under certain of the conditions investigated 
nQ, > 1; Zo < 1—the phenomenon of velocity 
‘overshoot’? occurs. In Tables 1 and 2, /,,” 
are given for 8 = [2m/(m + 1)] = 0.5, the value of the 
parameter for an axisymmetric stagnation point with 
or without a magnetic field applied; g, = 0 and 0.05 

i.e., a cold wall—and the parameters Q, and varying 
over the ranges 0 to 100 and 0 to 10, respectively. 

The heat transfer at the stagnation point in terms 
of the quantities introduced in this analysis is: 


or 
(Gu)sp = k = = 
> fw sp 


sa ma." . 
(2 pelte) sp ry i, & ws sp 


Ot Sen 


—1.e., 
, 
and g, 


(17) 


Since the quantities p,, u,, and //, are constant at the 























TABLE 2 
Shear and heat-transfer functions. 8 = 0.5; gw = 0.05 
iy n=0 r 5 n 10 
Q, T ee . 
- | «ij ¢] « } & "2 
= 4 —== +4 
0 0.5985 0.4723 | 0.5985 | 0.4723 | 0.5985 | 0.4723 
1 0.6909 0.4884 = =< ie és 
5 0.9442 0.5247 | 1.4576 | 0.6098 1.5771 | 0.6304 
10 1.1557 0.5485 2.0820 | 0.6773 | 2.3045 | 0.7083 
20 1.4501 0.5749 | 3.0879 | 0.7613 | 3.4989 | 0.8062 
50 1.9922 0.6104 | 5.3699 | 0.8975 | 6.2813 | 0.9682 
100 2.5390 0.6356 | 8.2598 | 1.0204 | 9.9036 1.1178 
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stagnation point, the ratio of the heat transfer here 
with a magnetic field applied to heat transfer without 
the field applied is 


(Gu) | (du,/dX) sp | ‘( t's ) 1s) 
(Gu) nM (du, dx) sp, NM £'w, nau / p=1/2 7 


for the same cond.tions upstream of the bow shock and 
the same total enthalpy at the wall. The first com- 
ponent of the right-hand side of the above equation 
represents the contribut on to the heat transfer at the 
stagnation point due to the modification of the inviscid 
flow external to the boundary The 
component represents the contribution due to the 
alteration of the total enthalpy profile in the boundary 


ayer. second 


layer. 
The data of reference 5 for the inviscid contribution 
were combined with the boundary-layer solutions ob- 


tained to get numerical values for Eq. (18). Fig. 1 
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Fic. 1. Heat-transfer ratio versus the magnetic parameter at 
the stagnation point of an axisymmetric blunt body 


0.05. Three 
The bottom curve 


shows [(gw)/(Gw)wa] versus Q, for g, 
curves are shown on the graph. 
indicates the results predicted assuming that the mag- 
netic field produces no alteration in the boundary- 
layer profile. The middle curve shows the results when 
constant across the 


The top curve shows the ratio when 


the electrical conductivity is 
boundary layer. 
the conductivity in the boundary layer is approxi- 
mated by (a/¢,) = g’. 

From Fig. 1, it can be concluded that the in- 
viscid prediction for the decrease in heat transfer pro- 
duced by MHD means is a little optimistic. How- 
ever, if, in the boundary layer, (¢/c,) ~ 1, it is clear 
that substantial reductions in the heat transfer may be 
obtained. For m = 5, the increase due to the altera- 
tion in the total-enthalpy profile just about cancels 
out the decrease due to the MHD reduction of the 
velocity gradient at the outer edge of the boundary 
layer. 


References 


' Meyer, R. C., On Reducing Aerodynamic Heat-Transfer Rates 
by Magnetohydrodynamic Techniques, Journal of the Aero/Space 
Sciences, Vol. 25, No. 9, pp. 561-566, 572, September 1958. 


(Continued on page 630) 








Some Effects of Tensor Conductivity in 
Magnetohydrodynamics' 


B. SONNERUP* 
Cornell University 


Summary 


A theoretical investigation concerning some Hall-current effects 
in inviscid, incompressible magnetohydrodynamics is made 
The generalized Ohm’s law and the concept of tensor conduc 
tivity are discussed. The macroscopic equations governing 
steady small-perturbation flow of a fully ionized gas are de- 
veloped for three orientations of an applied magnetic field of in- 
These equations are then solved for flow past an 
The general solutions, pertaining to 


finite extent. 
insulating sinusoidal wall. 
arbitrary values of magnetic Reynolds number and Hall param- 
eter, are studied in the limits of large and small magnetic Rey- 
nolds number, and characteristic Hall-current loops are detected. 
The pressure distribution on the wavy wall is investigated as a 
function of magnetic Reynolds number and Hall parameter. 
For the particular cases investigated here the influence of non- 
scalar conductivity is found to be much smaller than elementary 
considerations would indicate. 

For completeness, a brief study of transverse hydromagnetic 
waves is included. The classical plane Alfvén wave is modified 
to have a slowly rotating plane of polarization in some analogy 
with the behavior of a plane-polarized light beam in an optically 
active medium. The modified Alfvén wave is used to explain cer- 
tain features of the wavy-wall solution for large magnetic Rey- 
nolds number and an applied magnetic field perpendicular to the 
plane of the wall 


Symbols 
A = Alfvén speed = VuH?/4xp 
Ag, Ag = phase speeds of fast and slow waves, respectively 
1 = phase speed of resultant wave 
Ay = complex pressure-influence coefficient 
Ca, Ca = complex coefficients 
ee 
C, Ca, Cg = exponents 
E = electric-field vector 
—e = charge of electron 
H = magnetic-field vector 
h = magnetic-field perturbation vector 
j = current-density vector 
ky = 4rouU)(1 — m-~?) 
ko = 4rouly 
kk, 
ka, kp = wave numbers defined by Eqs. (48) and (50) 
k defined by Eq. (50) 
L = wave length of resultant wave = (27/w,)A 
Le = distance for a full turn of the plane of polarization 
of the resultant wave 
m = Alfvén number = U)/Ao 
Me, m4 = mass Of electron and ion, respectively 
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n = number of electrons (orions) per unit volume 

p = pressure 

q = fluid-velocity vector 

Rm = magnetic Reynolds number based on wave length 
of a wavy wall froplpr 

t = time 

l = unperturbed fluid velocity 

u = fluid-velocity perturbation vector 

x,y,z = Cartesian coordinates 

> = ¥ 4 + wo2r? 

€ = amplitude of wavy wall 

Yi, 2 = harmonic functions defined by Eqs. (23) and (27 

é = V XH = j/4r 

r = 2m X (wave length of wavy wall)~! 

mm = magnetic permeability of free space (u = 1 in 
emu) 

Q = vorticity vector = V X q 

w = cyclotron frequency of electrons 

Wj = cyclotron frequency of ions 

wt = frequency of transverse hydromagnetic wave 

p = density of fluid 

De = charge density 

o = scalar electric conductivity 

T = collision time of an electron in collisions with ions 

Subscripts 

x,¥,5 = components of a vector quantity 

0 = unperturbed quantity or referred to unperturbed 
quantities 

l = parallel fields 

2 = crossed fields 

e = electron 

w = wall 


Introduction 


In the search for engineering applications of mag- 
netohydrodynamics, considerable effort has been spent 
obtaining solutions to the combined equations of elec- 
tro- and aerodynamics for various simple flow cases. 
These investigations invariably involve a number of 
simplifying assumptions, and in particular the so- 
called Hall currents, arising from charged-particle 
drift across the electric field due to the presence of a 
magnetic field, are seldom taken into account. At 
least in some respects the Hall effect can be said to 
render the electrical conductivity a tensor, and the 
phenomena involved may be important in many prob- 
lems concerning flow of a rarefied, ionized gas in the 
presence of a magnetic field. It is the purpose of the 
present paper to shed some light on the effects of tensor 
conductivity in magnetohydrodynamics by reexamina- 
tion of a few simple flow cases for which scalar-con- 
ductivity solutions are already known. 
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Ohm’s Law and Tensor Conductivity 


One of the equations needed for the complete de- 
scription of a magnetohydrodynamic flow is Ohm’s 
law, which relates the current density to the local 
electric field and the electrical conductivity of the flow- 
ing medium. In the absence of a magnetic field the 
current-density vector j may be considered proportional 
to the electric-field vector E, the constant of propor- 
tionality being the scalar conductivity o. If a mag- 
netic field is present conditions are more complicated, 
as may be realized by considering the motion of a single 
charged particle in a magnetic field H where an electric 
field E is applied perpendicular to H. Under the in- 
fluence of the Lorentz force the particle is known to per- 
form a circular motion of frequency w around the mag- 
netic lines of force with the center of this motion drift- 
ing in a direction perpendicular to both Eand H. The 
frequency w, called the cyclotron frequency of the 


particle, is given by 
w = enll/m, (1) 


uw being the magnetic permeability (in free space u = | 
in emu, the units to be used in this paper), e and m, 
the particle charge and mass, respectively. This is 
the so-called Hall effect for a single particle. The 
macroscopic current Censity j set up by particles mov- 
ing in this fashion will therefore be perpendicular to 
both E and H. This current is called a Hall current. 
If, on the other hand, E and H are parallel, a single 
charged particle is found to describe a helical path with 
the axis of the helix along E and H, and the current- 
density vector in this case is parallel to EandH. From 
these facts it becomes clear that the magnetic field 
causes nonisotropic current propagation in an ionized 
gas composed of ions, electrons, and neutral atoms. 
Unless the gas is extremely rarefied (or cold), however, 
the current-carrying particles cannot be considered as 
noninteracting; they collide with each other and, what 
is more important, with other kinds of particles. A 
crude theory for this situation has been given by Cowl- 
ing! and Spitzer.” In a fully ionized gas consisting of 
n electrons of charge —e and mass m, and n ions of 
charge +e and mass m;, the currents are carried en- 
tirely by electrons, and assuming that these lose their 
average momentum in each collision with ions, one ob- 
tains the following approximate equation of motion for 
the electron gas relative to the ion gas: 


o[E + uq X H + (1/ne)Vp,.| = } 
j + 7(Oj/Ot) + (wr/H)j X a (2) 


o = ne*r/m, 


Here q is the velocity of the mass of the gas, p, the 
partial pressure of the electron gas, 7 the collision time 
for an electron in collisions with ions, and w the electron 
cyclotron frequency defined by Eq. (1). For station- 
ary currents the term 70j/Of drops out, and it is of 
interest to identify the remaining terms one by one: 
The term (E + uwq XH) is the electric field experienced 
by an observer riding with the velocity q of the gas. 
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The electron-pressure term (1/ne)V p, takes into account 
the influence of the pressure distribution in the gas on 
the conduction of currents, and may be thought of as 
an additional electrostatic field. Finally, the Hall- 
current term (w7//7)jXH takes into account the Hall 
effect discussed previously. The factor wr is the ratio 
of electron cyclotron frequency to electron collision 
frequency. For dense gases and weak magnetic fields 
this factor is small 
during the time needed for completion of a full turn of 
The entire 


i.e., many collisions take place 


an electron around a magnetic line of force. 
Hall effect is then negligible, and Eq. (2) essentially 
reduces to the ordinary Ohm's law describing isotropic 
current propagation with scalar conductivity o. Here- 
after, Eq. (2) will be called the generalized Ohm's law. 
For a rarefied gas and/or strong magnetic fields the 
i.e., the electrons can spiral 
and in such a case the Hall 


factor wr may be large 
freely between collisions 
effect is predominant and may cause strong anisotropy 
in the electrical conductivity. 

To elucidate this further, it is instructive to solve 
Eq. (2) for the current components 7,, j,, and j, along 
the axis of a right-hand Cartesian coordinate system 
(x, y, 2). If the square bracket of Eq. (2) is denoted 


by E” the solution is 
j = oPE’” (3) 


where P can be written as a matrix and exhibits tensor 

properties under orthogonal transformations. This 

explains the term “tensor conductivity."’ In a co- 

ordinate system with x-axis parallel to the magnetic 
field, the matrix representation for P simplifies to 

1+o’*r? O 0 
0 1 
1+ w’r? \0 WT I 


— WT (4) 


P = 


From Eq. (4) it is easy to see that if the net electric 
field E” is along the x-axis, the current density is also 
in this direction and has magnitude cE”. This means 
that the conductivity in this direction is a, the ordinary 
Transverse to the magnetic field the 
If E” is in the 


scalar value. 
situation is entirely different, however. 
z-direction, Eqs. (3) and (4) give 


" on 
ok —L9e (2) 


aT 1 te \ 1 


The conductivity in the z-direction is thus reduced by a 
factor (1 + w’r’) and a Hall current flows in the y- 
direction. In the mathematical treatment of tensor- 
conductivity problems, it is mostly more convenient 
to use the generalized Ohm’s law in vector form, Eq. 
(2) instead of Eq. (3). We will, however, have occa- 
sion to come back to Eqs. (3), (4), and (5) in discussing 
the results of the subsequent investigation. 

Eq. (2) was derived using rather crude physical 
assumptions. A more refined study® * " may lead 
to different numerical factors, or additional nonlinear 
terms, but Eq. 2 is nevertheless believed to give a quali- 
tatively correct description of some essential features 
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Fic. 1. Notation used in cases of flow past slender two-dimen- 
sional bodies—e.g., wavy walls. 


of the Hall effect in a fully ionized gas. For a partly 
ionized gas the motion of the ions relative to the neu- 
tral atoms and collisions of electrons and ions with neu- 
tral atoms must also be taken into account. In order 
to avoid the mathematical complications arising from 
these additional phenomena,'* our interest will be 
confined here to fully ionized gases; furthermore, for 
the sake of simplicity, the flow will be considered in- 
viscid and incompressible. It should also be mentioned 
that although Eq. (2) was derived for a neutral plasma 
it can be used without modification if moderate devia- 
tions from electrical neutrality occur.’ 


Development of the Equations 


Upon neglect of convective currents and the vacuum 
displacement current, Maxwell's equations for a moving, 
nonpolarized medium become 


V-E = 4c’, (6) 
V-H=0 (7) 
VXE = —,y»0H/ot (8) 
VXH = 4nj (9) 


where c is the speed of light. The medium is further as- 
sumed to have the same permeability as empty space— 
i.e., 4 = 1 in emu. Despite this, » will be retained in 
the equations in order to facilitate transformation to 


other units. 

The momentum equation for inviscid flow, upon 
neglect of gravity and the electric force p.E, can be 
written: 

(Dq/Dt) + (1/p)Vp = (u/e)jXH (10) 
where D/Dt denotes the convective derivative 
D/Dt = 0/dt + q-V 
Finally, the continuity equation for an incompressible 
flow can be written: 
V-q=0 (11) 
The foregoing Eqs. (6) thru (11), plus the general- 


ized Ohm’s law, discussed in the previous section [Eq. 
(2)], will now be simplified and developed to a more 
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convenient form. The first step will be to apply the 
curl operator to the generalized Ohm’s law. Using 
Maxwell's equations and some elementary vector 
identities one then obtains: 


oH | 
- + H-Vq — q:VH = — VA — 
or drop 
oH 
7_y? “"_ (H-v(v x H) — (vV x H)-VH] 


- 
Arrow Ot . dropll 


With the vector identity (_V X a) XK a = a-Va — 
(1/2)Va?, where a is an arbitrary vector function, the 
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Fic.2. Wavy wall(y = ecos Ax) in parallel fields and for large 
magnetic Reynolds number R,,. Magnetic-field perturbation 


components /, and h, [Eqs. (41)], for ki/A = Rn(l — m-?) 
2X 104. Current lines for k}/X = 2 X 104, wor = 1 


momentum equation (10) can be written in two alterna- 
tive forms: 
o mn ull? 
7 4+ ¢-%)~- H-VH = —-V (+ (13) 
ot 4irp p Sip 
) Mu .. ¢ 

7 -exe+ Hxe=-v(? +4 (14) 
Ot tip p 2 
where the notation V X q = QandV X H = has 
been introduced. 

The modified expressions for Ohm’s law and the 
momentum equation will now be linearized by introduc- 
tion of small perturbations in the two vector quantities 
H and q, so that 


H =H,+h q=U+u (15) 
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where |h| < |Hy| and ju| < |Uo). 

H, and Uy are now assumed to be constant in space 
and time. Neglecting higher-order terms, one then 
obtains the following linearized versions of Ohm’s law 
and the momentum equation for time-independent 
flow problems: 


Hy)-Vu = U,:Vh = —(1 4royu)V 7h a+ 
(WoT 4roulty)Ho-V(V x h) (16) 
Me p Me 
U,-Vu — H)-Vh = —V + Hy -h (17) 
Lirp p 4orp 
Ke p 
UW xX Q- H, X==V + Uy-u (18) 
trp p 
where wy = pelly/m, (19) 


A useful relation between — and Q is obtained by 
applying the curl operator to Eq. (17): 


U)-VQ = (u/4rp)Ho- VE (20) 


The problem has now been reduced to the simultaneous 
solution of the two vector equations (16) and (20) for 
a given set of boundary conditions and appropriate 
auxiliary conditions—e.g., V-h = 0, V-u = 0. One 
may now adopt a Cartesian coordinate system with 
x-axis parallel to the Up vector and proceed to the study 
of flow past slender two-dimensional obstacles under 
conditions such that 


O Oz _ (Oo OZ) voundars = 0 


(See, for example, Fig. 1.) This kind of magneto- 
hydrodynamic flow has been considered in references 
t and 5 for scalar conductivity and various orientations 
of the magnetic-field vector Hy in the xy-plane. It 
was also assumed there that h, = 0, u, = 0, an assump- 
tion which will clearly not be valid in the tensor- 
conductivity case where in general currents will flow not 
only in the z-direction but also in the xy-plane, thus in- 
ducing a magnetic-field component /:, and forces in the 
z-direction. 

The following orientations of the unperturbed mag- 
netic-field vector Hy will now be considered: 


Hy = (fo, 0,0) parallel fields 
H, = (0, Ho, 0) crossed fields 
Hy = (0,0, Ho) crossed fields, case II 


In the case of parallel fields Eq. (20) gives 
Uy) OR/Ox = (uHo/4mp)(0E/O0x) (21) 
which can be integrated to give 
Q = (uA/4rpUé + f(y) (22) 


The arbitrary function f(y) may be put equal to zero, 
a choice corresponding, for example, to the existence 
of an unperturbed flow region far upstream. Eq. (22) 
can then be integrated once more to give 


gg = (ufo 4apU,)h + UV ¢1 (23) 


and, since both u and h are divergence-free, one finds 


Vo, = 0. 
the momentum Eq. (17) or Eq. (18), these can be 
integrated to give the following pressure formula for 


If Eqs. (22) and (23) are introduced into 


parallel fields: 


Pp — po = —pUuu; = 
— pU.?(m~*h,/Hy + O¢)/Ox) (24) 


where m is the Alfvén number—i.e., m = Ul /Ao, Ao 
being the speed of propagation of ordinary Alfvén 
waves—equal to V uly? 4rp. By taking the curl of 
Ohm's law, Eq. (16), one eliminates the vorticity vector 
Q using Eq. (22), and the following equation emerges: 


k, 0&/Ox = V°E — worV X OF/Ox (25) 


Here k; = 4roul(1 — m~*) so that negative k, corre- 
sponds to so-called subalfvénic flow, positive k, to 
superalfvénic flow. Since —, = Oh,/Oy, & = —Oh,/Ox, 
the vector equation (25) can be reduced to two scalar 
equations involving as unknowns h, and £,; viz., 
V*h. = k, Oh./Ox + wor OF./Ox | (26) 
9 e : A 8) 
VE, = ky OF./Ox — wo7(0/Ox)V7h, f 
The crossed-fields case can be treated in a similar 
fashion. The resulting equations are 
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Fic. 3. Wavy wall (y = e€ cos Ax) in parallel fields and for 
small magnetic Reynolds number Rm. Magnetic-field perturba- 
tion components h,, hy, and hz [Eqs. (43)]. Current lines for 


wor = 1. 
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ou/Ox = m~*(U/Ho) Oh/Oy + UV O¢2/dx 
where V2 Ogo/Ox = 0, (27) 

Pp — po = —pUi?(m~h,/Ho + O¢2/0x) (28) 
(0/Ox)V*h, = kxWh, + wo7(0?/Oxdy)E, | (29) 


(0/Ox)V2E, = ko WE, — wor(O?/Oxdy)V7A.4 


where 

ky = 4rouUy and W = (0?/0x?) — m~*(0?/dy?) 

Finally the second case of crossed fields, where the 
unperturbed magnetic field is parallel to the boundary 
but perpendicular to the free-stream velocity vector 
U,, gives a particularly simple result. From Eq. (20) 
one finds 0Q2/0x = 0, which means that the coupling 
between vorticity and current normally implied by Eq. 
(20) does not arise. Thus if the flow is irrotational far 
upstream it will be irrotational everywhere. Ohm's 
law, Eq. (16), reduces to 


V’h = hk, Oh/dx (30) 


and it is realized that for appropriate boundary condi- 
tions—e.g., flow past an insulating wavy wall—the triv- 
ial solution h = () is obtained. We therefore leave the 
crossed-fields case II at this point and continue to study 
the parallel- and crossed-fields cases further. 


Wavy-Wall Problems 


The most straightforward method of extracting 
information from the linear partial differential equa- 
tions (26) and (29), governing the behavior of £, and h, 
in the parallel- and crossed-fields cases, is to study 
flow past infinite sinusoidal walls. Once we have 
access to the wavy-wall solutions, it is easy in principle 
to study flow past infinite two-dimensional walls of 
arbitrary shape, within the frame of the small-perturba- 
tion approach, by the use of Fourier superposition. 
Suppose that the wall is infinitely thick, nonmagnetic, 
and insulating, and let the surface (see Fig. 1) be 


given by 
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y=ee™; eA < 1 (31) 


Complex notation will be used in what follows, the 
real part being implied everywhere. The following 
boundary conditions will be applied: 

(1) Vanishing perturbations u and h at y = + @ and 
vanishing hat y = — ~. 

(2) No flow of fluid or currents through the surface 
of the wall. These conditions will be satisfied in a 
linearized fashion in the .z-plane. 


(3) Continuous components of h across the surface 
i.e., approximately across the .z-plane. 


Inside the insulating wall the magnetic-field per 
turbation h must be curl-free and divergence-free, and 
hk, = HC e™**™ 

’ Ax+Ay ‘ 
= HC,” (¢ 
h, = 0 


ww) 
bo 


is easily seen to be the appropriate solution. C, is a 
complex constant to be determined later from bound 
ary condition (3). Since /, = 0 everywhere inside the 
wall, and the components of h across the boundary 
have to be continuous, it is seen that O/./Ox and thus 
j, must vanish in the flow field just outside the wall 
(vy = O*) for all x. The boundary condition of no 
current flow across the boundary is therefore auto 
matically satisfied in a linearized fashion. 

Outside the wall—i.e., in the flow field—the magnetic 
field is governed by Eqs. (26) and (29) for parallel and 
crossed fields, respectively. If a trial solution of the 


form 
r= (33) 
is introduced one finds 
Cag r = 
(i+! wg 4 Poids ati) (34) 
Wy" T~ Wy" T~ ° 
2 A Z \ Aw??? 


in the parallel-fields case, and 


1 + (1/2)a?r? + (Ryt/rX) + (Ro/Am)? + (1/2)e?7? V1 — (4/a?77) [(Rot/X) + 1](Rot/A) (1 + m 


*) 
ih - - 
“8 ( wor? + [(Rot/Am?*) — 1}? ) 


in the crossed-fields case. The square roots (and 1/2 
powers) are defined by 

| j@ arg 2 90 
V2 = V|s| cia —x<argz<f (36) 


This convention will always be used in what follows. 
It implies that all square roots have positive real parts, 
and since all perturbations are required to vanish for 
large positive y-values, one has to introduce the minus 
sign in front of the square roots of Eqs. (34) and (35). 


(35) 





As a convention, the index a will be used for the posi- 
tive and the index @ for the negative sign inside the 
square-roots in Eqs. (34) and (35). Using the basic 
solutions, Eq. (33), it is now easy to construct expres- 
sions for h and u which satisfy all boundary conditions, 
the divergence conditions, and the differential equa- 
tions (16), (26), and (29). The algebra, however, 
becomes rather lengthy and will be omitted here. 

The parallel- and crossed-fields cases can essentially 
be treated simultaneously, and the results are: 
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h, = HoCaie™\e~”” + C,[Cac.(e” — e~*”) + 


| e~ r¥) 


Cale 
hy HyCye™ je” + C,[Car(e — ee) + 

r(eR”? — e™ saat) I} > (37) 
h = ae V c4? — 2 e*(e? — 0%) 


] t1Ax—AyY 
g1 = g2 = Cyt 


The positive sign in front of 4, corresponds to parallel 


fields, the negative one to crossed fields. Further: 


\miedX/[1 + (m* — 1)C,| _ parallel fields 


L, (38) 
{—med/{1 + (m2? + 1)C.]_ crossed fields 
—(m* — 1)ieC. 
arallel fields 
1 + (m? — YC] parallel fields 
C (39) 
{ — (me +i rossed fields 
‘TOSSE: 10S 
(1 + (m2 + 1)C,] ; 
4 [(Ca — A)/(Cg + A)]Ca | 
Cy = V (cs? — d2)/(Ca? — 2?) (40) 
C, = 2[(\ + cg) + (A + cg)Ca] | 


Notice that Eqs. (37) and (40) are valid both for 
parallel and crossed fields. The exponents c, and C, 
are given by Eq. (34) in the parallel-fields case and by 
Eq. (35) in the crossed-fields case. By going back to 
the original form of Ohm’s law, Eq. (2), it is finally also 
possible to determine the electric field E and then, via 
Eq. (6), the charge-density distribution. It should be 
emphasized in this connection that in the parallel-fields 
case the electric field E vanishes in the unperturbed 
flow, while the crossed-fields case must have an un- 
perturbed electric field Ej) = —ywUy XK Hy. The solu- 
tion for the electric field will not be discussed here. 

The general solution, Eq. (37), will now be investi- 
gated for large and small values of the magnetic Rey- 
nolds number X,, = 4roul/r. In these limits it is 
possible to simplify the solution considerably by ex- 
pansion of the square roots of Eqs. (34) and (35), and 
this is therefore a convenient method for demonstrating 
some features of the solution. 


Parallel Fields—Large Magnetic Reynolds Number 


Assuming |k,/A| > 1, the solution (for Ay at most of 


order unity) becomes 


r —X 9, ~Ayv(1 +2) ki /2d!). 
k. = Eade (ec *? — 26° evn ) 


[1 + O(R,/d) 7?) 
h, = Hyiete™~” [1 + O(R,/A)~ 7] (41) 


. Ax —Ay(1 +i) V/[ki/20). 
h, = HoieXwordy e*™* "7 


(1 + O(k/d)7'”] 


where it has also been assumed that wor is of the order 
of unity. The positive sign in the exponent corre- 
sponds to k,/A > O, the negative one to k,/A < 0. In- 
spection of Eqs. (41) shows that the x- and y-com- 
ponents are independent of wo7 and in fact agree with 
the results of reference 4. The z-component, which in 
the case of scalar conductivity (wor = 0) is identically 


zero, is seen to take on nonzero values when wyt + 0. 
The component h, is, however, smaller than /, and h, 
by a factor of order V k, |\/X, and the influence of 
moderate anisotropy in the conductivity is therefore 
small in the present case. 

The general character of the solution is that the cur- 
rents are confined to a thin layer, a magnetic boundary 
layer, close to the wall. The thickness of this layer is 
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Fic. 4. Wavy wall (y = € cos Ax) in crossed fields and for 
small magnetic Reynolds number R,,. Magnetic-field perturba 
tion components h,, h, and hz [Eqs. (44)|. Current lines for 
wot = 1. 


of the order of V1 k, |X, and it shrinks to a current 
sheet of zero thickness in the limit of infinite conduc- 
tivity. Outside the boundary layer the solution is 
simply the current-free infinite-conductivity solution, 
and it is therefore clear that the anisotropy of the elec- 
trical conductivity can only play a role inside the cur- 
rent layer. A close examination of the currents in this 
layer is therefore of interest. In the case of scalar 
conductivity the currents are purely in the z-direction. 
For nonzero wor essentially the same current densities 
exist in this direction but, since h, ~ () in the layer, 
there are also weak currents in the x- and y-directions. 
These Hall currents form closed loops, as shown in Fig. 
2, where current lines defined by 
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dx/j, = dy/j, (42) 


have been plotted for a case ki/A = 2 & 10% wr = 1. 
Also shown are the magnetic-field components /, and 
h.. It should be noticed that inside the boundary layer 
there is a nonzero z-component of the velocity, since 
u,, by Eq. (23), is simply proportional to #,. The pro- 
jection of a particle path on the xz-plane is thus sinu- 
soidal. 

The limiting solution given by Eqs. (41) has two 
important restrictions due to its boundary-layer char- 
acter: First, the viscous boundary layer has to be 
much thinner than the magnetic one, to justify neg- 
lecting the viscosity; second, some of the terms 
which were neglected in the linearization of Ohm's law 
and the momentum equation become quite important 
as the boundary-layer thickness decreases with in- 
creasing magnetic Reynolds number. In fact, the 
second restriction is severe enough to make Eqs. (41) 
useful mostly as a mathematical limit demonstrating 
some of the properties of the general solution. 


Parallel Fields—Small Magnetic Reynolds Number 


In order to expand the square roots of Eq. (34) in the 
case of small /,,, it is necessary to assume |k;/Aay"r? |) << 
1. The following simplified solution is then obtained 
(for Ay at most of the order of unity): 


h, _ FyteX(k,, Qurp??)e™ x 
[iy + le™ — 2ye7™]- [1 + OR») | 


h, = — HyeX(R,, Qun?7?)e™ x 
ly + lje~” = Qe~ 7}. [1 + O(R»)| 


h. = —MyeX(R,, wor)e™ x 
fe” — e~™]-[1 + O(R,,)| 


(43) 


. “idx — dy ’ x- 
h, = Hyedf(m) | om — 1)e*~** — 2me"*“ 


my) —gry 
on ae (ery 


where x... tropl r and 7 = V1 + wet” 


The magnetic-field components are shown in Fig. 3, 
together with a plot of current lines defined by Eq. 
(42). Hall-current loops are obtained again in this 
case. It should be noted that in the present case the 
magnetic-field component 4, due to nonzero wy7 is com- 
parable in magnitude to 4, and h,, and also that h, and 
h, depend strongly on wor. Notice that the scale 
along the y-axis is very different in Figs. 2 and 3. 
The solution for small X,, does not have boundary-layer 
character, so that the restrictions discussed in the pre- 
vious case do not arise here. 


Crossed Fields—Small Magnetic Reynolds Number 


Exactly as in the parallel-fields case, one assumes 
ko/a?t? < 1 and obtains the following simplified 
solution (for Ay at most of the order of unity): 


h, = HyeX(R»/20?7?)e™ XK 
[(y + le” — 2e7-” 

h, = Hoie\(Rn Qay?r?)e™* & 
(vy + le” — 2ye7~*’7]- [1 + O(R,,) | 


h. = —HyeX(R,,/wor)e™ X 
[e~” — e ’ |- (1 + O( Rm) | 


Y]- (1 + O(R») | 


(44) 


The magnetic-field components are shown in Fig. 4, 
together with the now familiar plot of Hall-current 
loops. The results obtained in this case are very 
similar to the low X,,, parallel-fields case, and thus need 
no further discussion. 


Crossed Fields—Large Magnetic Reynolds Number 


Assuming R,, = ko/\ > 1, the following solution is 
obtained in the crossed-fields case (for \y at most of 
order R,,,): 


@yTM 
7 l O(R,,~! 
Vict -) | r )| 


F WeTM 
h, = Hyedf(m) | im — se — 2e*—™—-OY cog (ory )| 1+ O(R-1, t (45) 
: &™ Vi + m’ | )| 


h, = INedf(m)2 V + m? ” aed 


where f(m) = mi/(m — 21)(m + 2) 


and g = m(1 + m?*)d/2ke 


For a7 = 0 Eqs. (45) agree with reference + and in 
this limit h, = (0. For nonzero a 7 the solution still 
has essentially the same character as far as h, and h, 
are concerned: These two components are given by 
an irrotational part with damping factor exp} —\y} and 
a rotational part with an extremely weak damping 
given by exp} —gdy}, where g < 1 in the present limit. 
For infinite magnetic Reynolds number this damping 
vanishes and the rotational part of the solution is then 
a function of (x — my) only, a fact which can be traced 
back to the wave operator appearing in Eqs. (29). 
Only the rotational parts of 4, and h, are affected by 


gry - 


WoTM 


V1 + ~)t + OR) 


nonzero wor; furthermore, close to the wall this influence 
is negligible for moderate values of wor. It can also be 
seen that close to the wall the component /, is smaller 
than h, and h, by a factor of order R,,. Far from the 
wall the situation is different: All three components 
of the magnetic-field perturbation vector are com- 
parable in size, and /, and h, are strongly affected by 
In Fig. 5 conditions near the wall are 


Current lines defined by Eq. 


nonzero wT. 
examined more closely. 
(42) are shown, and the structure of the Hall-current 
pattern appears to be quite different from those of the 
previous cases. In fact, it is easy to see from the ex- 
pression for h, that the current lines shown in Fig. 5 
all close at large but still finite distance from the wall 
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and that there will be a whole series of current loops, 
one outside the other, as indicated schematically in 
Fig. 6. This peculiar pattern will be discussed later. 
Pressures on the Wavy Wall 


In the preceding sections the general solution of the 
wavy-wall problem has been examined in the limiting 
cases of small and large magnetic Reynolds number. 
This has provided some information concerning the 
flow picture, in particular the Hall-current pattern. 
By study of the pressure on the wall, it is found that 
the influence of nonscalar conductivity is very small 
for large RK, both in the case of parallel and crossed 
fields. For small 2,,, on the other hand, the influence 
of nonzero wot on the magnetohydrodynamic part of 
the pressure formula may be shown to be relatively 
large, but the total magnetohydrodynamic influence on 
the pressure is of course small in this limit. 

In order to estimate the absolute importance of the 
Hall effect, it is therefore necessary to investigate the 
general solution for R,, of the order of unity. The 
pressure distribution on the wall is of particular interest. 
By use of Eqs. (24) or (28) the following pressure for- 
mula is obtained: 


(Pu ia po) pU,? = —eA a 
where 
[(m? — 1)C, — 1] 
[((m? — 1)C, + 1 


_ [iee? + 1I)C, — 1) 
?— [(m? + 1)C. + 1] 


parallel fields / (46) 


crossed fields 


and C, is given by Eq. (40). 

The complex quantity A, thus describes the total 
magnetohydrodynamic effect on the pressure dis- 
tribution, the modulus of A, giving the amplitude of 
the pressure perturbation and the argument its phase 
relative to the wall. The quantities A, for superalf- 
vénic (m > 1) and 1/A, for subalfvénic flow (m < 1) 
have been plotted in Argand diagrams for the parallel- 
and crossed-fields cases in Figs. 7 and 8, respectively. 
In these diagrams full lines correspond to wr = 0, 
dashed ones to wr = 1. In the parallel-fields case 
one curve corresponding to apr = 5 is also shown. 
Values of 1/A, inside the shaded areas cannot be ob- 
tained. It is interesting to notice that the curves for 
m= | 
radius unity in both the parallel- and crossed-fields 


i.e., alfvénic flow—and wor = () are circles of 


cases. For m = 1 and ar # 0 the same circle is ob- 
tained in Fig. 7 but not in Fig. 8. The pressures ob- 
tained for infinite magnetic Reynolds number agree 
with reference 4. 

Figs. 7 and § indicate a remarkably small influence 
of the tensor conductivity on the wall pressure. It 
may be recalled from the introductory discussion of 
the generalized Ohm's law that the conductivity trans- 
verse to the magnetic field may be reduced by as much 
as a factor (1 + wp ’r*), which would of course lead to 
much larger effects for wr = 1 than Figs. 7 and 8 
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Fic. 5. Wavy wall (y = ecos Ax) in crossed fields and for large 
magnetic Reynolds number Rm. Magnetic-field perturbation 
components h,, h, and hz [Eqs. (45)], close to the wall for R,, 

2 X 10‘ and Alfvén number m = 1. Current lines for R, 2x 
104, m = 1, wor = 1. 


indicate. 
mary flow direction of the Hall currents would be per- 
pendicular to the wall, and since the wall is an insulator 
the Hall currents are partly prevented from flowing, 
in particular for large RX, when the total thickness of 


In the parallel-fields case, however, the pri- 


the current layer on the wall is small. It may be 
readily verified from Eqs. (3) and (4) that the con- 
ductivity transverse to the magnetic field is restored 
to its scalar value o if the Hall currents are prevented 
from flowing. In the parallel-fields case, the small in- 
fluence of the tensor conductivity is thus due to the in- 
sulating property of the wall, and for a conducting wall 
the situation may be entirely different. 

In the crossed-fields case for moderate and large 
R,, the complicated current pattern (Fig. 6) extending 
far out in the flow field makes it difficult to evaluate 
the true reason for the small influence of the nonscalar 
conductivity. Mathematically this result can be in- 
ferred directly from the generalized Ohm’s law, Eq. (2), 
by letting the conductivity o become large while at the 
same time w7 is kept of order unity. The importance 
of the two current terms in Eq. (2) is then seen to be 
small for large o. 

Finally, one may notice that the drag on the wavy 
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wall is proportional to the negative of the imaginary 
part of A,. Figs. 7 and 8 can thus be used directly 
for drag evaluation. The drag is always positive, as 
it must be, since the energy dissipated by Joule heat- 
ing is introduced into the flow via the work done on the 
fluid by the drag force. For parallel fields and infinite 
R,, the drag is zero, and it is easy to show that no elec- 
tric energy is released into heat in the infinitely thin 
current sheet on the wall that characterizes this flow 


case. 


Transverse Hydromagnetic Waves 


Since it is recognized that the Alfvén-wave mecha- 
nism plays an important role in many magnetohydro- 
dynamic flow problems, it seems appropriate to present 
a brief discussion of these waves in a plasma with 
tensor electric conductivity. This problem has been 
studied in detail in reference 6 and elsewhere, and the 
discussion given in the present paper will therefore 
be restricted to a demonstration of some basic features of 
the modified Alfvén wave when the wave normal is par- 
allel to the unperturbed magnetic field. The problem 
will be approached by using the macroscopic momentum 
equation and Ohm's law given by Eqs. (13) and (12), 
respectively. Let the undisturbed magnetic field be 
in the x-direction of a right-handed Cartesian coordi- 
nate system (x, y, 3), and consider transverse wave 
motion (g, = () such that 0/oy = 0/dz = 0. Eqs. 


(7) and (8), combined, then give 77, = const. = FI, 
say, and Eqs. (13) and (12) simplify to 
oq ull, O# ra) (? 4 = 
Ot 4p Ox 7 Ox \p Sip 
OH re) 1 
nee ee ay a (47) 
ot ox 4drou 
(= 0*H | 
i — @eTt 
Ox" OxOt Ox 


Note that these equations are linear despite the fact 
that no linearization has been carried out in this sec- 
tion. If the components are written out and trial 
solutions of the form exp} Uw t + kx)} substituted for 
Jy, Iz, H,, and /,, the following condition for nontrivial 
solution emerges: 


Ww 
k= + - ‘ 
WwW, \" M, Wy 1 w, 
Wit mM ; Wid WT W i 
(48) 
where the relation 4ropAo? = awit, ww» being the ion 


cyclotron frequency, has been used. In the limit of 
infinite collision time, 7, the imaginary term in the 
square root vanishes and k is seen to be the wave 


number for 

(1) the fast wave, with wave number k, and phase 
speed A, = w,/k,, corresponding to the positive sign 
inside the square root; 
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Fic. 6. Wavy wall (y = ecos Ax) in crossed fields and for large 
magnetic Reynolds number R». Schematic configuration of 
Hall-current loops. 














Fic. 7. Parallel fields. Pressure distribution on a wavy wall 
due to magnetic interaction. The complex pressure-influence 
coefficient A, [Eq. (46)|, is shown in an Argand diagram for 
superalfvénic flow (mm > 1; lower half-plane). For subalfvénic 
flow (m < 1) the inverse quantity 1/4, is given (upper half- 
plane). Curves of constant magnetic Reynolds number R,, and 
Alfvén number m are given 


(2) The slow wave, with wave number kg, and phase 
speed Ag = w,/kgz, corresponding to the negative sign 
inside the square root. 


The phase speeds of these two waves are shown in 
Fig. 9 as functions of the frequency w,. The slow wave 
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becomes transient for frequencies above w,», the ion 
cyclotron frequency, the fast one for frequencies above 
wy, the electron cyclotron frequency. The ambiguous 
sign in Eq. (48) corresponds to waves traveling in 
opposite directions along the x-axis and, finally, the 
imaginary term in the square root is responsible for the 
damping. 

One can now use these wave solutions to construct 
a solution satisfying 


x= 0:4, Uce’"; gz = 0 


This obviously corresponds to a case where the fluid 





dy = (U¢/2) [cos (wit — Rox) + cos (wt — kgx)|] = Uy cos kx cos (wit — kx)) 


g: = (Uo/2)[sin (wt — kax) — sin (wt — kgx)| = Uy sin kx cos (wit — Rx) 


Fast wave 
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Fic. 8. Crossed fields. See legend for Fig. 7 
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Fic. 9. Phase speeds as functions of frequency ratio, for fast 
and slow transverse hydromagnetic waves. w, = wave frequency; 
Wig ion cyclotron frequency. 


Slow wave 


particles in the yz-plane perform a simultaneous har- 
monic oscillation in the y-direction. The appropriate 


solution is: 
l ’ tw ft 1Rax i 1R ax 
dy = Ue" (€ Te? 
x>0 (49) 


a 
q: oe ») Ue! oo = e’ B*) 


and similar expressions for j,, 7, and //,, H,. For fre- 
quencies less than the ion cyclotron frequency and 
with neglect of damping, Eqs. (49) may be written: 


) (5 )) 


Resultant wave | 


where 
k = (1/2)(kg — ka) and k = (1/2)(kg + kg) 


From these expressions the fast wave is seen to be 
right-handed, the slow one left-handed circularly 
polarized. The superposition of these two waves gives 
a resultant plane-polarized wave having wave number 
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W/W, 
Fic. 10. Phase-speed ratio 1/Ao and wavelengths ratio L/L 


as functions of frequency ratio, for resultant transverse hydro- 
magnetic wave. ow, wave frequency; win ion cyclotron 
frequency 


k, phase speed A, and wave length L, with a clockwise 
rotating plane of polarization. The distance L, for 
one complete turn of the plane of polarization is given 


by 
L./L = k k 


The quantities L/L, and A/Ay» are shown in Fig. 10. 
For low frequencies the phase speed A is approximately 
the Alfvén speed A», and the twist length L, is large 
compared to the wave length Z. In this limit the re- 
sultant wave may be called a modified Alfvén wave. 
The resultant wave does not exist above w, ~ wy, since 
the slow wave component is transient for w, 2 w». 

In magnetohydrodynamic problems of the type dis- 
cussed in the previous sections, one is mostly interested 


(Continued on page 643) 








Shimmy of a Nose Gear With Dual 
Co-Rotating Wheels 


JOHN ERWIN STEVENS* 
Chance Vought Aircraft, Incorporated 


Summary 


In the attempt to reduce weight and complexity, many nose 
gears have been designed with dual co-rotating wheels to prevent 
In some cases these designs have not resulted in 
In this paper equations are de- 


shimmy. 
shimmy-free landing gears 
veloped which describe the behavior of a dual-wheeled landing 
geat with co-rotating wheels. These equations show that the 
role of the tire in determining the shimmy characteristics is more 
important in the dual-wheeled co-rotating system than in more 
conventional designs. The method is useful for analysis both 
of conventional landing gears and of landing gears with dual 


co-rotational wheels 


Symbols 


lateral displacement of the landing gear 

Oy = lateral displacement of the landing gear at the 
tire-ground contact area 

lateral slope of the landing gear at the axle 


Or = 

aK castor angle of the wheel system 

R = radius of the wheel 

€ = trail length 

2s = distance between wheels 

o = twist in half the torsion shaft between the 
wheels 

o = cornering angle 

A = lateral deflection of the tire under side load 

V = forward velocity 

w = shimmy frequency 

Q shimmy frequency parameter = wk/V 

Ps side force on the landing gear at the tire-ground 
contact area 

Ppr, Por drag forces on the left and right wheels, 


respectively 
Pyr, Pyvr = vertical forces on the left and right wheels, 


respectively 


M = moment applied to the landing gear by twist- 
ing the tire 

[M7;;] = mass matrix of the dynamic system 

A. Pr = inertia coupling matrix between strut system 
and castor degree of freedom (column matrix) 

I = moment of inertia of castoring portion of the 


landing gear about the castor axis 
2 moment of inertia of a wheel about a principal 
diameter of the wheel, times the number of 


wheels 

I, polar moment of inertia of a wheel about the 
axle 

[Rij] = stiffness matrix for landing gear 

R,Aw) = real component of shimmy damper coefficient 

I n(w) = imaginary component of shimmy damper 
coefficient 
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kg = twice the torsional spring rate of the shaft 
connecting the wheels 

kK, = lateral stiffness of a tire 

Ko - torsional stiffness of a tire 

Ks = tire slip coefficient 

mo = reference mass 

kr = reference stiffness 

P(Q), Q(2) tire parameters 

; f = indicates column matrix 

[ ] = indicates row matrix 

5, Op, column matricies defining landing gear dis 

Gr, 5p placement shapes 

5’, Or’, row matricies defining landing gear displace 

Gp’, or ment shapes 

q = column matrix of generalized coordinates 


Introduction 


iy SPITE OF THE PROBLEMS ASSOCIATED with ground 
handling, many designers have elected to reduce 
weight and complexity in nose-gear designs by using 
a dual-wheeled nose gear with the wheels interconnected 
by a rigid torsion shaft. It has been assumed that the 
constraint against turning imposed by the interconnec- 
tion of the wheels would make shimmy impossible. 
Many shimmy-free designs have been made with co- 
rotating dual wheels, but in other designs shimmying 
still occurs. It is the purpose of this paper to develop 
a method for analyzing dual-wheeled landing gear with 
co-rotating wheels which will explain the shimmy 
behavior of these systems. 

In the development of this method extensive use 
has been made of the test data on tires presented by 
Smiley and Horne in reference 2, and of the work of this 
author presented in reference 1. In deriving the equa- 
tions for the shimmy behavior of the landing-gear sys- 
tem, and in solving the equations of motion, extensive 
use has been made of flutter-analysis procedures. 

The results of the investigation show that the tire 
plays a much more important part in the shimmy of a 
dual-wheeled landing gear with co-rotating wheels 
than would be expected on the basis of Moreland’s 
work on more conventional landing gears. Some of 
Moreland’s work can be found in reference 5. 


Shimmy Equations 


The equations for the shimmy of a castoring nose 
gear with two wheels connected by a flexible torsion 
shaft are derived. Sufficient generality is maintained 
so that these equations may be limited subsequently 
to define the shimmy behavior of a single-wheeled nose 
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gear or a dual-wheeled nose gear without the co-rota- 
tional constraint. The equations are derived making 
use of the following assumptions: 

(1) The lateral motions of the landing gear are de- 
fined by a linear combination of generalized coordinates. 
In many problems it is convenient to use the modes 
of normal vibration of the landing gear and its sup- 
porting structure as the generalized displacement func- 
tion. In this problem it is envisioned that these 
generalized coordinates are defined assuming that the 
part of the landing gear which castors is restrained. 

(2) The castoring of the landing gear is defined by a 
single coordinate. In the general case this coordinate 
will be coupled inertially but not elastically with the 
lateral degrees of freedom. 

(3) The rolling behavior of the tires must be included 
in the shimmy equations. 


(4) The rolling behavior of a tire under the action of 
a side load can be described by a first-order differential 
equation as defined in reference 1. 

(5) There is no skidding of the wheel or wheels in a 
direction normal to that defined by the wheel and the 
tire as it corners. This is the fundamental statement 
establishing the mechanism for transferring energy from 
the forward motion of the nose gear to the lateral modes, 
which makes an instability possible. 

(6) The nose gear castors about an axis normal to 
the ground. When a canted castoring axis is included 
in the derivation, the generalized forces acting on the 
dynamic system act on all degrees of freedom. If this 
derivation is understood, the equations for the more 
complicated system can be written easily. 

(7) The effect of the vertical ground reaction on the 
lateral stiffness of the strut can be neglected. This 
effect is negligible for a properly designed gear. If 
the lateral stiffness reduction due to ground reaction 
is included, however, in the process the nose gear 
should be considered to be a column. 

(8) Gyroscopie coupling between the castoring of 
the wheel and the lateral bending of the strut must be 
included. 

(9) For small drag forces, the drag force on a wheel 
at the ground during braking is proportional to the 
relative slip velocity of the tire (no skidding occurs). 
The relative slip velocity is defined as AV’/ V where AV 
is the apparent change in the forward speed of the 
wheel which occurs when the drag force is applied, and 
l’ is the forward speed of the wheel. 

Assumptions (1) through (9) are made in writing the 
equation of motion. To solve the resulting equations 
the following will be assumed: 

(10) For the critical shimmy situations the motion 
is simple harmonic. The general practices used in 
flutter analysis will be followed. First it will be as- 
sumed that the solution is simple harmonic; then an- 
other parameter will be left as a variable in addition to 
the frequency, so that both the in-phase and out-of- 


phase components of the equations can be satisfied inde- 
pendently. This approach additional ad- 
vantage in that most analysts have access to flutter 


has an 


routines which can be used for the solution of this prob- 
lem. 

(11) A frequency parameter 2 similar to the reduced 
frequency “‘k’’ used in flutter analysis can be defined 
(Q = wR/V where R is the radius of the wheel, w is the 
shimmy frequency and J is the forward velocity of 
the wheel). 

Now, making use of assumptions (1)—(9), we can 
proceed toward writing the shimmy equations. The 
lateral displacement of the landing gear with the castor- 
ing portion of the gear locked in place can be written 
as follows, if we assume that the lateral displacement 
is made up of a linear combination of generalized co- 
ordinates: 

dV qsi(x, 2) = 8’¢ (1) 
where g is a column matrix and 6’ is a row matrix. 


By use of Eq. (1), the slope of the castor axis due to 
the lateral deflection of the strut at the wheel axle can 


6 = 


be written as 


dé; 


Or = Dog dz (x = «,2 = R) = 


abr: = Op’q (2) 
The effective castor angle resulting from the lateral de- 
formation of the strut can be written as 


dé 
ar = 9 j (Xx €é, 2 Q) Yaa Fi ar g (3) 
ax 


and the lateral displacement of the landing gear due 
to the lateral flexibility of the strut at the ground can 


be written as 
by = Dgdd(x = «3 = 0) 


If we now introduce as another coordinate, the rotation 
of the castoring portion of the landing gear about the 
castor axis, 6r, ay, and 6¢ become 


bp’ ( 1) 


br = le, br’ |} a, qj (5) 
ap = [I, ap’ |} a, qi (6) 
Or = (0, Or’ |) a, g} (7) 


and the lateral displacement of any point on the castor- 
ing portion of the strut becomes 


6 = [x, 6’(x, 2) |} a, g} (8) 
{Because of the definition of the coordinate a, the lateral 
displacement in the parts of the gear which do not castor 
are still determined by Eq. (1) |. 

If now we assume that for any landing gear we will 
know the mass distribution and the stiffness distribu- 
tion, we can make use of Lagrange’s equations to write 
the equations of motion, remembering our assump- 
tion that gyroscopic terms are necessary, that we as- 
sume simple harmonic motion, and that the dynamic 
system is subjected to a lateral force Ps at the tire 








624 JOURNAL OF THE 
contact with the ground and, if a dual landing-gear 
arrangement is to be analyzed, a moment J/ through 
the tire ground contact area due to twisting of the tire, 


(Orap’ = arp’) 6 t J 
| — 6’ Al ™ L 


Ps} dp, | + M) &p, 


The inertia matrix in Eq. (9) can be defined as 
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where m(x, 2) is the mass distribution function for the 
landing gear. The limit, “‘rigid’’ for the first integral 
of Eq. (10), designates integration over the noncastor- 
ing portion of the gear, and the limit “‘castor’’ for the 
second integral indicates integration over the castoring 
portion of the landing gear. /, in Eq. (9) is the mo- 
ment of inertia of the rotating wheel or wheels about a 
diameter of the wheel through the axle, and 2 is the 
parameter wR/ V’. 

The stiffness matrix [k;,] can be calculated from the 
strain energy in the gear when the gear is deformed in 
the shapes 6(x, z). The complex spring torque defined 
by [R,,(w) + t,,(w)|a is the torque supplied to the 
castoring portion of the landing gear through a shimmy 
damper when the landing gear castors. 

The equations for the lateral motion of the landing 
gear are expressed in Eq. (9) in terms of the forcing 
functions Ps, M, (Pp. — Por), and (Pye Py). 
These forcing functions arise from the motion of the 
nose gear and are, in fact, variables that can be de- 
fined in terms of three new variables as well as the vari- 
ables g and a already defined. 

The generalized force (Pyr — Py) is the easiest to 
define; it comes about as a result of the lateral spacing 
of the wheels in landing gear with a dual wheel arrange- 
ment and the slope of the strut as the landing gear de- 
flects under a side load. We will assume that the ver- 
tical spring rate of each tire of a dual-wheeled nose gear 


is K,. We can then write 

Pyr = Py/2 — K,s|6r’, Oljg, a} 
and 

Py. = (Py/2) + K,s[6r’, Ol} g, a} 
or 


(Pyr — Py) = —2sK,[6r’, Olig, a} (11) 

The side load Ps can be defined in terms of the 
lateral spring rate of the tires on the landing gear and 
the lateral deflection of the tires under this load: 


nK,, n being the number of wheels (1 or 2) 
A is the 


where K, = 
and K;, the lateral spring rate of a single tire. 
lateral deflection of the tire under a side load. 
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and drag forces Pp, and Ppr and vertical forces P,,, 
and Py,» on the left and right wheels respectively of the 

The general system to be analyzed 
is shown in Fig. 1. 


0 |+ {? 6 yet ]- 
R,(w) 0 I,,(w) f a = 


+ (Por — Por)s\ar, 1f + (Pyr — Pyx)s} 6p, 0} 


56’ bx 
2) + a , | dm(x, 2) 
castor ox x* 


LL 


two-wheel system. 


(9) 


(10) 




















€ sh 
PoR 
¥ M 
2s Li 
Pov 
\ Ps 
Fic 1. Landing gear with co-rotating wheels. 


M is the torque applied to the dynamic system as 
the The twist implies that the tire is 
cornering as it rolls. We can then write J/ in terms of 


tire twists. 


the comering angle: 
M = Kuo (13) 


where Ky = nK2; n is the number of wheels (1 or 2) and 
K2 is the torsional stiffness of a single tire. 

Eqs. (12) and (13) have resulted in the introduction 
of two new variables. Eq. (25) of reference 1 defines 
a linear differential equation for the straight-line rolling 
behavior of a pneumatic tire. When this is modified 
to include the effects due to rolling in a curved path, 
we obtain the following: 


(do/dx) + eo = GA — (da/dx) 


If we assume simple harmonic motion, this equation can 


be written as 
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Fic. 2. P(Q) and Q@) vs Q 


o [P(Q) + 7Q(Q) |(A/R) + 


@0(2)  iQP(Q) 
| is : | ten ate aj (14) 


oR? oR? 
R*e1Co 
where PQ) = oF + (eR)? 
oR? 
Q(2) = 
Q? + (eR)? 


The functions P and Q may be tabulated for any tire 
as functions of 2 for any vertical deflection of the tire. 
Figs. 8 and 9 of reference | provide some information 
that may be used in evaluating P and Q. The value of 
P and Q for the tire used in an example is given in Fig. 
2. 

The most fundamental equation, yet to be defined, 
expresses the condition that there shall be no skidding 
of the tire normal to the direction of progress of the 
wheel. This means that the sum of the velocity com- 
ponents of all degrees of freedom at the tire-ground con- 
tact area normal to the path of progress defined by the 
wheel and the cornered tire must be zero: 


a +A+ V (ar + o) = 0 


1ga, A/R, of = 0 (15) 
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Sufficient equations have now been defined so that 
we could solve for the shimmy of a nose gear, pro 
vided the wheels were not co-rotating. We shall now 
define the equation for the torque (Pp; — Ppr)s which 
will complete the requirements for solution of the 
shimmy problem of a nose gear with dual co-rotating 
wheels. We will consider the general case in which the 
two wheels are connected by a flexible torsion shaft. 
This will introduce an additional degree of freedom into 
our problem. If we consider symmetry and small dis- 
placements, then — Pp; Ppr, and we can consider 
each half of the shaft between the wheels as a mirror 
image of the other. If the twist in the shaft relative 
to its node is ¢, then 


lid + Rod RP pr (16) 
where /, is the polar moment of inertia of a wheel 
about its axle, and k, is twice the torsional spring rate 
of the shaft connecting the two wheels. We may now 
write P, in terms of the slip coefficient of the tire, A x: 


AV , aps oR Ops 
a et Be ae ae ee a 
—e | , (*s =) 


a Kz («2 S ~~ 6; *) IQs _ | “ 
R 3R R 


19 a, >| (17 


To obtain A's use may be made of Eq. (90) of reference 
2. In the term @rs/3R of Eq. (17), the factor of 
1/3 results from consideration of the effective rolling 
radius, as is explained in reference 2. We will now 


introduce Eq. (17) into Eq. (16): 


7- P, =300psi — _— 






| 
| 
| 


5 _—_— + +— + — ——— 
¥ | | , 
23 | | | 7 
¢ | R 
‘4 a t | + pee 
© 
23 | ) 
& 3 | [st ba 
‘sb | | a | Pp =1.0 
a ™ | 
=! 
w 2 
. 4 
3s“ te = ae ee - T ie 





a 

















; [+ ____|___F Pp 
—~———— e 
= «16 
| PR 
F | | | L 
0 .02 04 06 os 10 
éy 


Fic. 3. Lateral spring rate of an 18 X 5.5 tire vs vertical 
deflection 
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(—cl. + 2K eR + ko = RKs| (12 — ar’ — dt (18 
p : ‘ . a 3R /’ 2 adie 
and 
(Pp. — Por)s = 2sK gs 12 : ar’ — : 6p’ ), 72 : , —7 1g, a, o| (19 
R 3R R / ; 


It is now possible to combine Eqs. (9), (11), (12), (13), 1), (15), (18), and (19) to obtain a system of equations for 
the shimmy of a dual-wheeled co-rotational landing gear. If we define a reference stiffness Re and a reference mass 


mo, these equations can be written in nondimensional form as follows: 


M S = : ; 
“ + 00 0 (Opar’ — @rOp’)R? OrR O O O 
my mR 
Sai : 00 O 6,»'R 0 00 0 
(=); mR mR? | ' 
Rr ye myR?Q 
0 0 OO 0) 0 0 0 0 
mR? 
0 0 OO 0) 0 0 0 0 0 
0) 0 OO 0 () 0 00 0 
Eo 4 96s (#: bebe’ — OS aed ‘) 0 Y xt. @ 
2s* Op — VO zn _ —a&p, 
Rr —" <"  F el, 
252K Op’ R Rm(w) € = 0 
3R°kp krR?’ R’ 
2sK s6r’R 2ko 
as ; 0, 0, 0, : 
3R-Rr R°kr 
ap’R, l. 0, kek () 
Ks 
K.OR&p’ K.2Q K.P ; i 
kpR?c,R? ’ kpR?c,R?’ K,R® 
25°K sarap’ R? 258°*K sarvR 0) 0 —_ 2sK sapR q 
R*kp ' R®kyp ’ ve : R°kp R 
2s°*K sar’R 252K g Im(a) —IsK « 
= ; s + imag 0, 0, - a 
R*kpr R®kr ORR pr R°kp 
; 2sKsapv’R IsKs 2RK s RP; 
+i2) — - : —- —, 0, 0, - -| =0 (20 
R°kp R°Rkp R°kp RrR? 
a P R°kp M 
i,’ — © 0 
R R°K, kpR? 
K.Pap'R K.P RQ, . 
kpR2R? kpR%c,R? RR” ° . 


Eqs. (20) are a set of linear homogeneous simultaneous equations in w, which can be solved if the physical param 
eters for the landing gear are known and a value of the shimmy parameter & is selected. For the landing gear with 
dual co-rotating wheels, R,,(w) + ‘J,(w) will usually be zero, but the imaginary part may be retained as a variable to 
be"used to make w real as is required to satisfy our basic assumption of simple harmonic motion. If a co-rotating 
design is not used, a shimmy damper will usually be required, in this case specific functional relations can be de- 
fined for R,,(w) + i/,,(w). In many cases, however, it will be desirable to solve for 7,,(w) to determine the damping 
requirement for shimmy prevention. As one example of the form of R,,(w) + 1/;,(w) which may be used in specific 
problems, the nose gear is assumed to be restrained against castoring by a linear damper with a damping coefficient 
C, in series with a spring of spring constant kg. R,,(w) + iT,,(w) can then be expressed as follows, and used directly 
in Eq. (20): 
w"Ce*ke lwkg’Cg (21) 


R,.( tl, (@) = 
wo) + ns w?Cg? + kp? wCg? + kp? 


If the approach used in flutter analysis is used for solution, a variable X will be defined for w* such that X = w(1 
ig), and the complex polynomial in X will be solved for several values of 2. When g = Oa solution for the shimmy 
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system will be assumed to exist. 
in handling the shimmy damper in the equations. 
familiar to the flutter analyst. 
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Regardless of how the system of equations are solved, certain problems will exist 
However, these problems can be solved by a number of methods 


Stability Criteria 


It is sometimes convenient to obtain analytic expressions for the damping required to stabilize the landing gear 


against shimmy, in order to gain information on how the system can be changed in design to minimize shimmy prob 


lems. 


simple enough that conclusions may be drawn from them. 


It turns out that certain simplifying assumptions are required if the resulting analytic expressions are to be 
Two assumptions are often used: (1) The tires are rigid, 


insofar as lateral rolling behavior 1s assumed, and (2) The landing gear shock strut is assumed to be rigid against 


lateral motion. 


Stability Criteria—Rigid Tires 


The dual-wheeled co-rotational nose-gear system will be investigated with these two assumptions. 


The basic equations to be investigated are Eqs. (20) which can be simplified by assuming that A, ©, Ry D , 
K, = 0 and that only one lateral degree of freedom is present. It is assumed that 6; 0, a& 1.0, &e = O, and 
R,,(w) = 0. Further it is assumed that /,,(w) = wC;. From this point it is possible to obtain expressions for C, and 

«Ca (1 5 [OR 25°K se €7(Riy + 257k,67) + (2s°K 5/ R)(6€/3) oii aii 
a a ——e € ii » — ro . > 9 \< ’ (=) 
] ()- ] 7 [ = 265. be Mue? = ([,,0R ()- 
Oo a 


Stability Criteria—Rigid Strut 
When the strut is considered rigid, &;, 
assume that k, » and that /,,(w) 


©, and the first row and column of Eqs. (20) disappear. We will further 
wa, while R,, (a) 


0. The type of shimmy described by these simplifica 


tions is the tire-tvpe shimmy treated by de Carbon in reference 3 and by Kantrowitz in reference 4. 


2s*Ks + VC [(e/R) + (K2/ KiR*)P|[P(e/R) — (1 + Q)| + (Kx KiR*)Q[P + 2%(€/R)(Q + | 
R*K, 7 P? + 2°(Q + 1)? . 
(e/R)[P? + 2001 + Q)| — (K2/K,R2)22P iets 
oR2|P? + 2(Q + 1)? : 
V2] [(e/R) + (Ko/K,R?)P)[P + 2°11 + Q)(e/R)| — 2°(0K2 KR?) [(e/R)P — (0 + 1)] 
K, Ri 2? [P? + 2°(Q + 1)? - 


where Q wR/V. 


The right-hand sides of Eqs. (24) and (25), except 
for the nondimensional trail «/R, are functions of tire 
parameters only. By use of references | and 2 it is 
possible to define the limits of tire-type shimmy without 


regard to the actual landing gear involved. 


Illustrative Example 


The method of shimmy analysis developed in this 
report has been applied to a landing gear with co- 
rotational wheels which did shimmy. In 1952 it was 
decided to evaluate a dual-wheeled nose gear with co- 
rotational wheels without a shimmy damper on the 
F7U-3 airplane. It was thought that this system 
could have merit in that it would reduce the weight 
and complexity of the nose-gear system, and that pos- 
sibly these factors would more than compensate for 
the increased problems of ground handling associated 
with a dual, co-rotating wheel system. At that time 
it was believed that the constraint associated with the 
co-rotation of the wheels would preclude the possibility 


(¢/R)P + (K2/KiR*)[P? + O11 + Q)) .. 
oR?[P? + 270 + 1)?] 7 


of shimmy. Early in the ground test program this 
dual-wheeled landing gear with co-rotating wheels 
shimmied at a frequency of about 13 cps at an airspeed 
of 60 knots as measured by the airspeed system. All 
attempts to increase the shimmy speed failed and the 
design was abandoned. The example used in this paper 
is based on the F7U-5 nose-gear design. 

In the illustrative example the following items will be 
investigated : 

(a) The damping required to prevent shimmy if the 
tire cornering characteristics are the primary cause 
of shimmy (strut considered rigid). 

(b) The damping required to prevent shimmy if 
the lateral flexibility of the strut is the primary cause 
of shimmy (tire considered laterally rigid). 

(c) The damping required to prevent shimmy if 
both the tire and the strut flexibility, in dual-wheeled 
landing gear with wheels free to rotate independently, 
are important. 

(d) The damping required to prevent shimmy when 
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Pp =300psi F715 The physical parameters for the landing gear to be 
of | | | | t analyzed are listed below. It is considered that one 
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Fic. 4. Torsional spring rate of 18 X 5.5 tire vs vertical deflec- 
tion. 


the wheels are restrained to co-rotate and the lateral 
tire-flexibility effects are included. 

(e) The effects of tire servicing pressure and vertical 
displacement on the shimmy speed, with tire-cornering 
effects taken into consideration. 

(f) The effect on the shimmy speed of increasing the 
lateral stiffness of the strut when both lateral stiffness 
of the strut and cornering of the tire are considered 
and the wheels are restrained to co-rotate. 
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Fic. 5. Vertical spring rate of 18 X 5.5 tire vs p/pr. 


lateral degree of freedom is sufficient to define the 
flexibility of the landing gear. 


I, = 2.8tb-in.-sec’? € = 2a. 
I = 14.5lb-in.-sec? ks = 
My, = 0.35]b-sec?/in. ftw) = © 
Sai = 0.57 Ib-sec? I.(w) = wl, 
6 = 0.041/in. P(Q), Q(Q) as in Fig. 2 
ar = 0 K, as in Fig. 3 
2 == 1,040 Ib/in. Ky» as in Fig. 4 
2s = 14in. K, as in Fig. 5 
R 9 in. Ks as in Fig. 6 
by = 1.0 
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Fic. 6. Tire slip coefficient of 18 5.5 tire vs tire vertical 
deflection. 


Tire Shimmy 

Tire shimmy was investigated using the values of 
P(Q) and Q(Q) from Fig. 2, the curves in which are 
derived from Eq. (24), and the values of « and R com- 
patible with this example. The damping requirements 
are shown in nondimensional form in Fig. 7. These 
results show that the damping required to prevent tire 
shimmy increases with the vertical deflection of the 
tire. It also can be shown that for realizable values of 
the tire-slip coefficient As, tire shimmy is unlikely, 
and that the behavior of the landing gear in the example 
cannot be explained by consideration of the tire alone. 


Flexible Strut Shimmy With the Wheels Free 


The damping required to prevent shimmy on the 
landing gear of the example when the wheels are free 
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Fic. 7. Damping required to prevent tire shimmy vs speed 


and the strut lateral degree of freedom is included in 
the analysis, is shown in Fig. 8. When the tires are 
assumed to be laterally rigid (no cornering) more 
damping is required to prevent shimmy than when the 
cornering effects are included. The reduction in 
damping required to prevent shimmy as the speed in- 
creases above about 80 knots is due to gyroscopic coup- 
ling effects between the lateral bending of the strut 
and the castoring of the wheel system. The results 
found in this study are consistent with those found by 
other investigators. 


Shimmy With Co-Rotating Wheels 

When the case of the wheels locked together by a 
rigid torsion shaft is analyzed, it is found that shimmy 
is effectively stopped at low speeds but at higher 
speeds, where shimmy does occur, more damping is 
required to stabilize the shimmy than would be re- 
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Fic. 8. Damping coefficient required to prevent shimmy on 
nose gear of example with dual wheels free to rotate independ- 
ently. 
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quired if the wheels were not co-rotating. These 
results are presented in Fig. 9. Furthermore, as can 
be seen in Fig. 10, the shimmy speed does not change 
significantly if the load on the tire is increased or the 
tire servicing pressure is changed. These results are 
in general agreement with the results found in the test 
program on the F7U-3 nose gear. It can also be seen 
from this analysis that tire-cornering effects tend to 
increase the speed at which shimmy occurs, but that 
once it occurs more damping is required to contain the 
shimmy than would be predicted on the basis of an 
analysis made with the tire assumed to be laterally 
rigid. 
Effect of Strut Stiffness on Shimmy of a Landing Gear With 
Co-Rotating Wheels 

The studies presented in Figs. 9 and 10 show that 
the shimmy of a landing gear with dual co-rotating 
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Fic. 9. Damping coefficient required to prevent shimmy on 
landing gear of example with the wheels co-rotating 


wheels is relatively insensitive to changes in tire serv- 
icing pressure and vertical deflection of the tire. 
Fig. 11 shows that when the strut is stiffened the 
shimmy speed increases rapidly to levels which would 
make the landing-gear system satisfactory. This re- 
sult would not be expected if the shimmy were gov- 
erned by strut stiffness alone; Eq. (22) shows that if 
the tire is assumed to be laterally rigid (cornering ef- 
fects neglected) then the strut stiffness has little effect 
on the shimmy speed. Thus we can conclude that 
tire-cornering behavior plays a significant role in deter- 
mining the shimmy speed of a co-rotating wheel sys- 
tem. We can also conclude that a dual, co-rotational 
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Fic. 10. Shimmy speed vs vertical deflection for landing gear of 
example with co-rotating wheels. 


wheel system can be designed to be shimmy-free if the 
strut is sufficiently stiff. The stiffness values required 
are realizable in most conventional nose gears. 


Conclusions 


(1) Equations have been developed which explain 
the shimmy behavior of dual-wheeled landing gear 
systems with co-rotating wheels. 

(2) Solution of the shimmy equations by transforma- 
tion to the frequency domain in a manner similar to 
the approach used in flutter analysis is practical and 
effective. 

(3) The cornering behavior of the tire plays a key 
role in the shimmy analysis of a landing gear with dual 
co-rotating wheels. 

(4) The method of analysis is not restricted to dual- 
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ing gear strut for the landing gear of example with co-rotating 
wheels. 


wheeled landing gears or landing gears with co-rotating 
wheels, and is thus more general than the methods of 
analysis currently in use. 
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Electrode Boundary Layers in Direct-Current 
Plasma Accelerators’ 


JACK L. KERREBROCK* 
California Institute of Technology 


Summary 


One of the problems that must be faced in the development of 


direct-current plasma accelerators is that of boundary-layer 
growth on the electrode surfaces 
tained at a somewhat lower temperature than is desirable in the 


The associated reduction in electrical con- 


These surfaces must be main- 


bulk of the gas flow 
ductivity near the electrode surface, together with the continuous 
current through the boundary layer, may result in greatly aug- 


Joule heating near the surface, and increased heat 


mented 
transfer. 

This phenomenon is treated within the framework of boundary- 
layer theory. It is found that similar solutions for the thermal 
and viscous boundary layers exist for a certain class of accelerated 
flows in which the velocity varies as a power of the streamwise 
coordinate. The solutions show that the heat-transfer rate at 
Mach numbers near unity may be as much as ten times that which 
would be expected for a normal boundary layer. 

At higher Mach numbers, the similarity is not precisely valid; 
however, the analysis indicates qualitatively that a stagnation 
enthalpy overshoot may occur in the high-temperature portion 
of the boundary layer as a result of the electromagnetic accelera- 


tion. 


Introduction 


Ms OF THE DEVICES which have been suggested 
for the electromagnetic acceleration of ionized 
gases for propulsive and other purposes require the 
presence of electrodes in contact with the flowing 
plasma. In such devices there may exist a type of 
boundary-layer flow in which there is an electric cur- 
rent normal to the wall and a magnetic field parallel 
to the wall and normal to the current. In order that 
it be a satisfactory conductor, the gas must be at a 
rather high temperature—at least 2,000°K—and if an 
appreciable current is to pass from the electrode to the 
gas, there must be intimate contact of the two. Thus 
a severe heat-transfer problem seems likely to arise. 
As will be demonstrated, the effect of the electrical 
interaction with the fluid, particularly the current flow 
normal to the wall, is to compound this heating prob- 
lem, which would be severe even for a normal boundary 


layer. 
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The current and magnetic field influence the bound- 
ary layer in three ways. Joule heating acts as a heat 
source. Energy is transported by the electron current. 
The crossed current and magnetic field yield a body 
force which, like that resulting from a longitudinal 
pressure gradient, is a constant per unit volume. Of 
these three effects, the Joule heating is the most un- 
usual. The heating rate varies inversely as the electri- 
cal conductivity, which in turn may be a strong function 
of the temperature. Near the electrode surface, where 
the temperature must be somewhat below that of the 
gas in the free stream, the conductivity is low, and the 
Joule-heating rate correspondingly high. The in- 
creased heating rate near the wall will lead to a higher 
temperature gradient at the wall, and increased heat 
transfer for a given wall temperature. 

The objective of the present work is to explore this 
situation within the framework of boundary-layer the- 
ory, with the particular goal of estimating the magni- 
tude of the heat transfer to be expected. Certain 
limitations of applicability arise from the nature of the 
boundary-layer theory itself, others from specific as- 
sumptions. In the first category, the continuum ap- 
proximation requires that the mean free path of the 
electrons be small compared to the boundary-layer 
thickness, hence that the pressure be high—a require- 
ment which will be stated more precisely later. It is 
also necessary that the free-stream and boundary- 
layer flows be separable—.e., that the former be in- 
fluenced to only a small extent by the latter. The fluid 
mechanical implications of this requirement are well 
known. Electrically, it implies that the current normal 
to the wall be determined by the free-stream flow, 
hence that the resistance of the boundary layer be small 
compared to that of the free stream. The adoption of 
a model requiring these conditions for its validity is 
not meant to imply that they are the best operating 
conditions for a plasma accelerator; certainly it is not 
possible to define such conditions at the present time. 
The intent is rather to study some of the problems 
which are likely to occur for one possible choice of 
operating conditions. 

As to specific assumptions, the most important ones 
concern the magnitude and behavior of the conductiv- 
ity. It is assumed that the plasma is in thermal 
equilibrium at the local temperature and pressure. 
In view of the requirement for good electrical 
conductivity at as low a temperature as possible, 
“seeding’’ with an alkali metal is postulated; further, 
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Fic. 1. Region of applicability of the analysis, as determined 
by the requirements for a small electron mean path, a conduc- 
tivity greater than 1 (ohm m)~'!, and a magnetic Reynolds num- 
ber less than unity. Lines along which the Hall parameter w/y, 
is unity are also given 


it is assumed that the concentration of seeding material 
is high enough so that only a small fraction of it is 
ionized. Under these conditions the electron concen- 
tration, and the conductivity, vary exponentially as the 
negative reciprocal of the temperature. This depend- 
ence of the conductivity on the temperature is of course 
crucial; while the actual variation is probably overesti- 
mated by the present model, it is felt that the analysis 
will at least give an upper limit to the effect of the 
current on the heat-transfer rate. The conductivity 
is assumed to be sufficiently low that the magnetic 
Reynolds number is small. As is well known, a mag- 
netic field may in this case be applied within the fluid 
by external means, the magnetic field resulting from 
induced currents being small compared toit. Thus, the 
fluid mechanical equations are uncoupled from Max- 
well’s equations. 

The conductivity is taken to be scalar—.e., it is as- 
sumed that the collision frequency of the electrons is 
large compared to their Larmor frequency. This 
assumption is consistent with the continuum approxi- 
mation in requiring that the pressure be “high,” but 
may be more restrictive. The existence of Hall 
currents, in this case currents parallel to the wall, would 
invalidate the usual boundary-layer assumptions by 
introducing a body force normal to the wall. 

To provide a means for evaluating these various as- 
sumptions, and to make the boundary-layer calcula- 
tions as concrete as possible, the calculations are re- 
ferred to a particular type of accelerator flow. A chan- 
nel of rectangular cross section, bounded on two sides 
by the electrodes and on the other two sides by in- 
sulating walls, is envisioned. In view of the severe 
heat-transfer conditions that are expected to arise, 
and the sensitivity of the electrical conductivity to 
temperature, it is assumed that the free-stream static 
temperature is constant. It is further postulated that 
the free-stream velocity varies as a power of the 
streamwise coordinate. In the channel flow approxi- 
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mation, these two conditions lead to simple, closed 
form solutions for the free-stream flow,' in which the 
interesting physical quantities all vary as powers of the 
streamwise coordinate. The result is that similar 
solutions exist for the boundary layer under some condi- 
tions.” They are in a sense analogous to the ‘“‘wedge 
flow’ solutions for the incompressible boundary layer. 
It is hoped that the understanding gained from these 
relative simple solutions may be carried over to other 


types of free-stream flow. 


Formulation of the Boundary-Layer Problem 


The dependence of the electrical conductivity on the 
magnetic field, electric field, and the state of the gas is 
of key importance to the present work; therefore, be- 
fore the equations governing the boundary-layer flow 
are set down, a brief discussion of the conductivity is 
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Fic. 2. Schematic diagram of direct-current plasma accelerator 


The Conductivity 

An approach by the methods of kinetic theory** to 
the problem of diffusion of electrons in an ionized gas 
in the presence of a magnetic field leads to an expression 
relating the current j, electric field E, velocity u, and 
magnetic field B, which may be written as follows: 

1 \ 
j=o(E+uxBt jx B) (1) 
en, 
o is the usual scalar conductivity, 7, is the electronic 
concentration, and e the electronic charge. The first 
two terms on the right will be immediately recognized 
as the effective electric field which acts on an electron 
traveling at the fluid velocity u. The last term arises 
from the tendency for charged particles in the presence 
of a magnetic field to drift normal to an applied electric 
field—i.e., the Hall effect. It is the dependence of ¢ 
on the gas temperature and pressure that is of principal 
concern here, though some estimates of the importance 
of the Hall effect will be made later. 

As was mentioned in the Introduction, a gas mixture 
at a relatively high pressure, such that the electronic 
mean free path is small compared to other character- 
istic lengths, is postulated, the mixture comprising a 
small mole fraction of an alkali metal in some inert gas. 
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Under such conditions it is consistent to assume that 
the electrons diffuse under the influence of the electric 
field, with a velocity which is related to the electric field 
strength by a proportionality constant, yu, called the 
mobility. Since the current is the product of the drift 
velocity, charge, and concentration of the electrons, 
the conductivity becomes ¢ = yen,. 

According to simple mean free path arguments, u is 
related to the collision frequency, v., by uw = ¢/m,¥.° 
If the collision cross section is constant in electron 
energy, as it is for helium and hydrogen at low electron 
energies,® then », is directly proportional to the gas 
density and the electronic thermal speed. Thus if 
the electrons are in equilibrium with the gas, we may 
write 

u/uo = (po/p)(T/To)*” 
where the subscript 0 denotes some reference condi- 
tion. If the electrons are in equilibrium with the gas, 
their concentration is given by the Saha equation: 
n. = [(24m.kT)*/2/h*]"2(nq — ne 78" 

where 7, 1s the total concentration of the ionizable 
species, J is the ionization potential, k is Boltzmann’s 
constant, and / is Planck’s constant. The fraction 
n,/Nq Of the seeding material which is ionized thus 
satisfies an equation of the form 


(n./Na)? = [1 — (n./ma) IPT) / na] 


> 


For n./mq <1, n./Mq = f(T) /nq"”, while for f?(7)/n, > 
1, 2./Mq ~ 1. Thus, »,/nq is in general a rather com- 
plicated function of 7. 

It is readily verified that for a given value of 7, m,, 
and hence oa, increases continuously as m, increases, to 
that in view of the probable severity of the heat-transfer 
problem, and the resulting desirability of obtaining the 


as possible, it will be assumed that n,/n, < 1. It 
should be noted that this assumption results in the 
greatest possible sensitivity of o to the temperature. 
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Fic. 3. Dimensionless temperature, @ = T/T; profiles for 
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The resulting expression for the conductivity, again 


referred to a reference condition, is 


a Na/n po |i! wry 
= t G°'* ¢ é, 
a [(%ta/n)o p 


where A = //2k7), and 6 7/7). Inthe present work 
it will be assumed that the mole fraction of ionizable 
gas, N,/n, is constant throughout the flow field, so that 
the final expression for the scalar conductivity is 


a3 A[(1/0) —1 ‘ 
a/o9 = (po/p)''*0*'4 e (2) 


The importance of the Hall effect can perhaps best 
be seen by rewriting Eq. (1) for the case in which there 
is but one component of B, say 4,, and the current 
is in the x, y plane. In terms of components it then 


becomes 
; o[E,’ — (w/v) E,’| ; o[E,’ + (w/v) FE,’ | 
jz = : Jy = : 
: 1 + (w/v)? 1 + (w/r)? 
where w = eB,/m, is the Larmor frequency of the 


electrons, E,’ = E, + vB,, and E,’ = E, — uB,. If 
there is an electric field in only one direction, these 
equations state that currents will flow in both direc- 
tions, the current normal to the electric field being 
w/v, times as large as that along the field. As an ex- 
ample, in helium at atmospheric pressure and 3,000°K, 
with a magnetic field of 1 weber/m’, w/v, is about 
3.6. If a current in, say, the y direction only is de- 
sired, the current in the x direction can in principle be 
suppressed by applying an appropriate field in the x 
direction;* however, this poses some practical diffi- 


culties. 


Region of Validity of the Analysis 

The assumptions of continuum flow, an equilibrium 
degree of ionization, low magnetic Reynolds number, 
and a scalar conductivity, prescribe a certain region of 
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validity in the pressure-temperature-magnetic field 
strength space. These limitations are most easily 
discussed for a particular gas; as an example, helium 
seeded with one mole per cent of cesium will be con- 
sidered. 

If the continuum approximation is to be valid, the 
electronic mean free path must be small compared to, 
for example, the boundary-layer thickness. In Fig. 1, 
a line is drawn along which the mean free path of a 
thermal electron is one millimeter. Similarly, lines 
along which w/y, = 1 are shown, for two values of 
magnetic field. The value B = 1 weber m~? is 
about the maximum which is readily obtainable, while 
B = 0).1 is probably about the lowest value which per- 
mits significant acceleration of the gas. It seems that 
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the suppression of the Hall effect requires quite high 
pressures. 

A lower limit to the temperature is certainly set by 
the requirement for significant conductivity. Sup- 
posing | (ohm m)~! to be a reasonable lower limit 
for the conductivity, the corresponding line on Fig. | 
describes the lower limiting temperature. On the 
other hand, an upper limit to the conductivity, and 
to the temperature, is set by the requirement that the 
magnetic Reynolds number, RX, = yoolu, be small. 
A line along which RX,,, based on a length of one centi- 
meter and sonic velocity in the gas, is unity, is shown 
at the top of Fig. 1. 

The area within and to the right of the shaded por- 
tions is then the region of validity, as determined by all 
requirements except the suppression of the Hall effect, 
which requires pressures near or above one atmosphere 


Boundary-Layer Equations 

Three modifications of the usual boundary-layer 
equations are necessary. The electromagnetic body 
force resulting from the crossed current and the mag- 
netic field must be included in the momentum equation, 


so that it becomes 


( Ou 4 of) ra) ( a dp 4B 3 
Vv = = o) 
OM ae Tay] ~ Oy\M ay) ax 7 


The other two modifications occur in the energy equa- 
tion. Energy is transported by the diffusing elec- 
trons in a temperature gradient, and the Joule heating 
effect constitutes a heat source, so that the equation is 


( an -) ) ( oT ‘i DR] r) 
Mite FFE i os 

(“) dp fF 
m + u + (4) 

oy dx o 
Heat deposition in the boundary layer by ion-electron 
recombination is neglected on the grounds that the 
ion and electron concentrations are quite small. It 
may be argued that large recombination rates are pos- 
sible because of the large electronic currents; however, 
it is the ion current which governs the rate of recombi- 
nation in the boundary layer, and this is much smaller 
than the electron current, because of the much smaller 

mobility of the ions as compared to the electrons. 


With the assumed scalar conductivity, the current 
is related to the effective electric field by 


j = o(E — uB) (5) 


Since the current is assumed to be determined by the 
external flow, and the magnetic Reynolds number is 
low, so that B is determined by outside influences, and 
is constant across the boundary layer, this equation 
determines / within the boundary layer, and by integ- 
ration, the voltage drop across it. 

The system of equations is completed by the usual 
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continuity and state equations 
(0/Ox)(pu) + (0/Oy)(pv) = OV (6) 
and 
pb = pRT (7) 
It is convenient to modify these equations slightly, 
using approximate results for the free-stream behavior 
to relate the terms involving the free-stream pressure 
gradient to other free-stream variables. We make 
the approximation of one-dimensional, or channel, 
flow in the free stream, in which case Eqs. (3) and (4) 
apply to the free stream if derivatives with respect to 
y are dropped. Thus, with values in the free stream 
denoted by the subscript ©, Eq. (3) yields 


pott.(du./dx) = —dp/dx + jB 


and the boundary-layer momentum equation becomes 


( Ou 4 | ra) ( | ‘ du ° 
1 v = of (S) 
ad ‘i Ox Oy oy Oy — dx 


Similarly, from Eq. (4), 


Pottotp(dT’../dx) = ux(dp/dx) + j?/¢ 
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Fic. 7. Total enthalpy ratio, g = H/H.~; profiles form = 1/4 
(constant flow-area) and several values of Mach number M.; 
Og/OX¥ = 0 


and the boundary-layer energy equation becomes 


| ( as oO ( or | dkj r) | 
Or” Be “doy/ dy ‘ oy 2e | 


(my (“ )( u ) i (* u ) 
im + Pott Cp + - _— (9) 
oy dx /\u, oa o the, 


From Eq. (8) it is clear that, for a given free-stream 
velocity variation, the velocity boundary layer differs 
from a normal boundary layer only to the extent that 
it is influenced by the thermal boundary layer, through 
variation of p. However, the energy equation is quali- 
tatively different from the usual boundary-layer energy 
equation in that it contains the heat source term, j*/c. 

For low Mach number flow, this term is of dominant 
importance, outweighing the viscous dissipation and 
electronic conduction; however, at Mach numbers in 
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(constant flow-area) and several values of Mach number / 
Og/OoxX = 0 


excess of unity, the viscous dissipation becomes very 
important, and the energy equation is then best ex 
pressed in terms of the total enthalpy, 7 = c,7' + u?/2 


It becomes 


( oll 4 -) a) (" oll OR] r) 
r v t 
a Ox oy Ov \c, Ov P a7, 


( 1\ Oo [ P) (= of dae 
— + (10 
Pr oy - oy 9 T - T JDU ) 


where Pr = c,u/x is the Prandtl number 

In addition to the term due to Joule heating, there is 
a term, j7Bu, which represents the energy addition to the 
fluid by the Lorentz force. The work done on the fluid 
by this force is reversible, in contrast to the energy 
addition by Joule heating. 

Again dropping the derivatives with respect to y 
from Eq. (10), we find that 


p.U..(dH../dx) = j?/o. + jBu. 


and Eq. (10) becomes 
( OH 4 ~) O (* ofl DRj r) 
ri v » . x "7 
' Ox Oy Oy \cp OV 2 3 
(1 pr) ay * ay (3) 
Pr] oy . oy \2 


Pr Ie, u dH. 
: _ Te (zw) (11) 
Oo. \o u dx 


From this form of the equation it is clear that the re- 
versible work will have a large effect on the boundary 
layer where d//../dx and p../p are large, as in the high 
temperature portion of the boundary layer at high 


Mach numbers. 


The Free-Stream Flow 

The addition of electromagnetic effects to the equa- 
tions of motion leads to such a diversity of possible flow 
behavior that some rather specific model must be 
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adopted for the free-stream flow before boundary- 
layer calculations can be carried out. In the present 
case, flow in a channel, with crossed current and mag- 
netic field, as shown schematically in Fig. 2, is postu- 
lated. Quasi-one-dimensional flow, with constant gas 
temperature, constant conductivity, and constant 
electric field, is assumed. It was shown in reference | 
that these assumptions lead to a particularly simple 


"2025, 8=0.1766, A=7.5, 8,705 
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Fic. 9. Values of n and f’ at which the rates of energy addition 
by Joule heating and by the Lorentz force are equal, as functions 
of Mach number M. for » = 1/4 (constant flow-area ). 


solution of the momentum, energy, continuity, and 
current equations if the velocity varies as a power of x. 
Furthermore, the derived flow seems quite reasonable 
for a plasma accelerator. A constant gas temperature 
should result in the minimum heat transfer, consistent 
with adequate gas conductivity. It also insures 
that the energy added to the gas appears as kinetic, 
not thermal, energy. The approximation of constant 
conductivity seems reasonable, since the conductivity 
depends principally upon the temperature. It is not 
really necessary; the calculation can also be carried 
through if the conductivity is proportional to a power 
of x. 

For the sake of completeness, the argument of refer- 
ence 1 will be repeated here. In the channel flow 
approximation, for constant gas temperature the equa- 
tions governing the flow are: 


momentum: PollaUe’ = —p’ + 7B (12) 
energy: Unp’ = —j?/ Oe (13) 
continuity: PolttaA = constant (14) 
state: P = poRT. (15) 
Ohm's law: j = 0.(E. — u.B) (16) 


where the prime denotes differentiation with respect to 
x. Eliminating p.. from Eq. (12) with Eq. (15), then 
eliminating p’ with Eq. (13) results in an expression 
for p: 


b = RT.E.(j/Ua*Uo') (17) 


AUGUST 1961 
Differentiating this expression, and equating the result 
to the expression for p’ obtained from Eq. (13), we find 
O.RT Ei a(j/tto*to.’)’ = —j?/te 
If ¢ = j/u..*u..’, this equation reduces to 
¢'/e? = —u.3(u.')?/¢.RT.WE 
and integrating from the origin, 


I f 
7 oi (u,")2 dx (18) 
ae” Caren 


For u.. = ax”, this yields 


| an? ( acon 1 ) ‘ 1. 
= a, ns m= nN e 
r @RT.E oa —1 


and from the definition of ¢, 
j = (0.RT..E../a*n)(5n — 1)x-*" = 

o....(5n — 1)/nyM..2 (19) 
where J/.. = u../(yRT..)'/? is the Mach number. The 
pressure may now be computed from Eq. (17): 


pb = [o.(RT..E..)?/a°|[(5n — 1)/n?)|x1-*" = (20) 


5 
S$, 
=u ¢ 
4 n*025, 8+0.1766, A=75, 6,705 
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Fic. 10. Comparison of,kinetic energy (/’ ?) and total enthalpy 
(g); profiles for large M/., indicating that exact similarity does 
not exist for large Wao; see Eqs. (31) and (32). 


and the flow area from Eq. (14): 
A = (ca‘n?/o¢.RT Ew?) (x"—1/(5n — 1)] (21) 


where c is the constant value of p.u.A. Finally, from 


Eq. (16), 
B= E (: Pee :) (22) 
Uo nyM.,* 


It is required for the integrability of Eq. (18) that n > 
1/5. Inthe special case of m = 1/5, the above formulas 
are modified, since then the integral becomes logarith- 
mic. The solutions for > 1/5 describe a class of 
flows for which acceleration from zero velocity to an 
arbitrarily high velocity, at constant temperature, is 
possible. For 1/5 < n < 1/4, the flow area decreases 
with increasing velocity, while for 1/4 < n < o, the 
flow area increases with increasing velocity. Because 
of the rapid variation of the area with n for m appre- 
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ciably different from 1/4, values of m near 1/4 seem 
most interesting for accelerator flows. 

For complete consistency, it is of course necessary 
that E, j, and B satisfy Maxwell's equations, which for 
the present purposes are: 


Vek = p:-/e VYVXE=0 (23) 


and 


where p, is the charge density, « the permittivity, and 
uy the permeability. In the free stream E is constant, 
and this is consistent with zero charge density; how- 
ever, in the strictly one-dimensional case Eq. (24) 
requires 0B./0x = —pojy. Eqs. (19) and (22) do not 
satisfy this equation; rather, it is assumed that the 
magnetic field variation in x consists of two parts, one 
due to the current distribution, the other to an exter- 
nally applied field for which 08,/O0x — OB,/0z = 0 
This field must then have an x component, as well as a 
z component; however, if the z dimension of the channel 
is small compared to its length, and 4, is zero on the 
axis of the channel, then it will be small compared to 
b, everywhere. To this approximation, the magnetic 
field may be regarded as prescribed, and of the form 
given by Eq. (22). 


8=0.1766, A*7.5, 8-05 
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Fic. 11. Nusselt number as a function of the exponent » in 
u ax", for Mo = 1 and as a function of MW. for n 1/4 
(constant flow-area); see Eq. (42) 


Similar Solutions 


The simple variation of the current and pressure 
given by Eqs. (19) and (20) suggests the possibility 
that similar solutions, analogous to the ‘‘wedge flow” 
solutions for the incompressible boundary layer, may 
exist for the electrode boundary layer in constant 
temperature flow. 


Transformation of the Equations 
To investigate this possibility, it is probably most 
convenient to utilize the transformation given by 


Levy.’* When adapted to the present case of constant 
temperature flow, it requires that the x and y coordi- 
nates be replaced by 
x 
. Pp uM ; 
o = dx (2.)) 
0 pou 


1/2 wt 
u u p ; 
= ( ) ei | dy (26) 
Uy \2v% JO po — 


where the subscript () denotes a reference point in the 


and 


free stream (not the origin, since fp is singular there) 
The continuity equation is satisfied by the definition 
of the stream function: 

p Ww p.__ ow 


% = Uv 
pi Oy Po Ox 


If the stream function is taken as 
YW = (2y tt) '/7X'/*f(n) 


then t Ox / OF uof'(n), and if p po( 7/74) the 


momentum equation transforms to: 


sere rw 2z du p “rh \o 
f+ fi" + . —(f’?}=0 (27) 
u.,, at p 


In terms of the dimensionless temperature 0 = 7°, 74, the 
equation for the temperature, Eq. (9), becomes 
10% (00 00 
+ 


= 2% — — (7 — 1)M.7(f")? - 
Pr On? On ss  - 


Rj (# ) 2 £2 po 00 
e \2n Cppolt.. Pp On 


a 2Uot D9 a Fe 
‘ se 7 f 6 ( —f ) (28) 
Oo Cpl putts” P a 


4 


* The pair of transformations used in reference (2) are pre 


cisely equivalent to the present transformation, after incorpora 
tion of the free stream solution of the preceding section 


8=O0.1766, vA<75, @ «05 
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where it has been assumed that ck = xo(//7)). The 
& dependence of @ has been retained explicitly in Eq. 
(28), to emphasize the requirements for similarity, 
which are that the coefficients of 6, f, and their deriva- 
Because of the complexity 
and 


tives be independent of 2. 
of the coefficients of the electronic conduction 
Joule heating terms (the second-to-last and last terms 
in the equation, respectively), it is difficult to determine 
the general conditions which will ensure that they are 
independent of 7. However, it may readily be verified 
that they are independent of Z for the free-stream solu- 
tion obtained in the preceding section. Thus from 
Eq. (20), p/po = (x/x0)'*", and the transformation 


from x to & becomes 


x/xy = [(2 — 4n)(%/xo) }¥Ce-™ 


forn < 1/2. Using this result and Eqs. (19) and (20) 
to simplify the coefficients, we find: 
1 0°60 od o6 


f _ of'z 
Pr On? . On in OF 


as l (> = ye ee / do ye 
Y ] = 2n Pe poRTy On 


— (y — 1)M.°(f")? — 


1 O°g _ Og 


ORj ( a) 2 oe Pi ] O86 
¢ \2%/  Cppotts P 1+ [Cy — 1)/2|M. On 


Replacing 6 by g in the momentum equation gives 


+f f" + [n/( — 2n)|f1 + [Cy — 1)/21M.4} X 
ig-(U)) =0 (3: 


~ 


) 


The coefficients of the electronic conduction and 
Joule heating terms (the third and fourth on the right 
in Eq. 31) are identical with those in the equation for 
6, except that they are divided by 1 + (y — 1)A/..?/2. 
Thus, for the channel flow solution considered above, 
they become small as V/..* becomes large. The coeffi- 
cient of the last term, which represents the work of the 
Lorentz force, increases as \/..” if H.. increases as any 
Furthermore, the last term of Eq. (32) 
Thus, it 


power of 2%. 
increases as M..* unless g — (/’)? ~ 1/M..”. 
appears that if similar solutions exist for large ./.°; 
they must be such that g — (f’)> ~ 1/M/.*. A study 
of this possibility indicates that the only solution of the 
equations with such behavior requires g = /’ = 1. 
Numerical solutions, which will be described later, 
support the conclusion that there is no exact similarity 
at high Mach numbers. 

In the next section, solutions of the equations will be 
described, which were obtained by putting 0@ O7 or 


* The desirability of investigating high Mach number simi- 
larity was suggested to the author and Prof. F. E. Marble by 


Prof. L. Lees 


ACE 


, . O ( -) l(y — 1)/2|M.2 OP 
A am) = 2fz—-{1- si 
Pr On? On Or Pr] 1 + [(y — 1)/2|M.2? On? 
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y¥-1 (* — ) (“ ) 
@ —f’ (29) 
y 1 — 2n o 


axy"|(2 — 4n)(¥/xe) "Ce - 


SCIENCES 


Further, since 
n 
Un = AX 
the momentum equation becomes 


fe’ + ff" + [n/( — 2n)\[6 — (f’)?] = 0 (30) 


¥ does not occur in Eq. (30), and occurs in Eq. (2%) 
only in the Mach number and the term £06/07._ If 
the Mach number is small, and the boundary condi- 
tions are independent of #, then solutions of Eqs. (29) 
and (30) will exist such that f and 6 are functions of 7 
alone. Thus, similar solutions exist for the thermal 
and viscous boundary layers if 7° is small and the 
wall temperature is constant. 

As the free-stream Mach number becomes large, the 
viscous dissipation term clearly becomes of dominant 
importance, and there will be no similarity in terms of 
6. Under these conditions, a more natural variable is 
the total enthalpy or, more specifically, the ratio of the 
total enthalpy to its local free-stream value, since the 
latter varies in 7.* In terms of this variable, denoted 
g, Eq. (11) after transformation becomes: 


(f’)? - 


J WWE Op , (° 
¢ 
Go Cyl opattn.? Pp 1+ [(y — 1)/2|M.?\e 
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Og/O0¥ equal to zero. They are exact similar solutions 
only for M..? = 0. 
in error to the extent that 00/0% or Og/O% varies from 


with ~ The magni 


For other Mach numbers they are 


zero because of variation of M 
tude of this error may be estimated quite readily by 
writing the first term on the right of Eq. (31) as 
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o 0 log M. Og 
2's ( B) = 2( = )u r( a 
Or 0 log ~ \oM 
From the channel flow, 0 log \/../0 log ¢ = n/(2 — 4n), 
and 
(33) 


2f’%(Og/OZ) = [n/(1 — 2n|M.f'(0g/0M..) 


It would of course be possible to integrate Eqs. (31) 
and (32) exactly as partial differential equations in the 
variables » and V/ This has not been attempted; 
however, an estimate of the magnitude of the neglected 
term will be given. 

At low Mach numbers, the solution in terms of 6 
is probably more accurate than that in terms of g, be- 
cause the wall boundary condition for the latter is 2- 
dependent. At high Mach numbers this boundary 
condition approaches g(0) = 0, and g varies more 
slowly with % than does 8, so the solutions in terms of 


g seem preferable at the higher Mach numbers. 


Solution of the Equations 
For the sake of simplicity, the Prandtl number is 
taken to be unity. Then with the assumption of 


i.e., that 06/07 = (-—the equations 


‘local similarity” 
for f and #@ become 


[7 (1 — 2n)\[@ — (f’)?| = 0 


("+f f’ (34) 


while the boundary conditions applicable to g are 


g(0) = 0,91 + [(y — 1)/2]M.2; 
and 
g(a) = | 


Since o /o) is given as a function of 0, we also need 


@—>o0+ [(y — |) 2 | M "Ig _ (f’)?] 


c4 

There are six parameters in either of these sets of 
equations, namely, y, 6, A, 0, n, and /.*. Of these, 
the first four have been assigned typical values, only 
n and \..* being treated parametrically in the calcula- 
tions. The assigned values are: y = 5/3, corre- 
sponding to a noble gas; 6 = 0.1766, corresponding to 
helium at 3,000°K; A = 
at 3,000°K:: and @,. = 1/2. 
on whether the current flows to or from the wall, the 
plus sign corresponding to the latter case. With the 
above choice of parameters, the effect of electronic 
conduction on the boundary layer is negligible. It 
would be important only if the conductivity, oo, were 


7.5, corresponding to cesium 
The sign of 6 depends 


very much higher. 
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and 


‘ ls y¥-1 (* — ') : | , 
6" +i]f 610 
; 7 1 — 2n 


where 


poRT,'/? 


6 (SRT y/2e) oo 
oy/o is given by Eq. (2). Because the 6*' in Eq. (2) 
is completely dominated by the exponential factor, we 
take simply 


Oo/o = e (36) 


These equations are to be integrated subject to the 
boundary conditions 


{(0) = 0 6(0) 6, felis 
f'(0) =0 
a 2 ae 6(2) = | 


In terms of g, the equations are: 


ree aa n 1 / l > “"\9 
Pr" +If" + 1+ M..*) |g — (f')?] = 0 
‘ : 1 — 2n Z 


(37) 
and 
. (y —1)M 7 
r) (fj f°) — 
1+ [(y — 1)/2|M/ 
(33S) 


nyM.* l(y — 1)/2|M.2[g — (1)? | | 
+ / 
dn — lLg + [(y — 1)/2]17.27[g -— Cf?) f 


Values of n greater than 1/5 provide acceptable 
channel flow solutions; however, the coefficients of the 


electrical interaction terms in the boundary layer equa- 


tions are singular at m = 1/2. Thus, the range of 
which is of interest is 1/5 < » < 1/2. Calculations 
have been carried out for M l,and0.2<n< 


0.32; also for n = 1/4, (the constant flow-area case) 
and0< M.. < 6. 

\n iterative method of integration was used, in 
which at each step the energy equation was solved by 
repeated quadratures, with the f given by solution of 
the momentum equation in the previous step. The 
momentum equation was then solved by repeated 
quadratures, using the resultant @, and the process was 
repeated until f and @ no longer changed. Thus, de- 
noting the number of the quadrature by /, and that of 
the iteration by k, the equations may be written as 


naa ; — 1 fdn — 1\!? , 
9?" 4 | peRD Y ( nl ) | 9 
‘ ¥ 1 — 2n 


—(y — 1)M.%( f*-"”)? - 


rome 1 5 — l : (d-1 ’ 
+ — LH 
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and 
pO” 4. fE—D O" 4 in /(1 ~ 2n)|fo™ — (f"-”’)? =0 
(40) 


At the beginning of each quadrature for 6, 0°~" = 


— ; ‘ . > : 
ge’, and at the beginning of each quadrature for /, 
pe — plk-D 

Eq. (39) is a first-order linear equation for 6°” ; 
if it is written in the form 


gO" 4 g@—Dg = pf-) 
the solution is 


(l (1) 1 — 6, — L'(@) (b 
0° = Oe + 1) + Fa ira) I~" (n) 


where 


(1) _ he (l—1) nk 1) (y) 
I3“"(n) = b (n)e dn 


0 


: 6 (k 
1, (n) oe | e 1 
0 


The values of /,(©) and /;(©) were approximated by 
the values of the integrals at the largest value of 7 to 
which the integration extended. 

Similarly, Eq. (40) is a first-order linear equation 
for f°"; thus f? can be obtained by integrating three 
The method is completely analogous to that for 


1) 
7, (n)dn 


times. 
6. 

In all the calculations, the integration interval was 
0.02 for 0 < » < 0.2 and 0.1 for 0.2 < » < 5. The 
maximum 9» = 5 was sufficiently large to ensure that 
no appreciable errors occurred because of the approxi- 
mate evaluation of /:(©) and /;(~). For the range 
of parameters considered, the convergence of the itera- 
tive procedure was quite satisfactory; the results are 
believed to be correct to at least three significant 


figures. 


Results 

For given gas composition, free-stream tempera- 
ture, and wall temperature, two parameters, n and 
M.., determine the characteristics of the boundary 
layer. Both of these quantities are indicative of the 
behavior of the free-stream velocity—the Mach num- 
ber of its magnitude, and the exponent » of its rate of 
change with x—i.e., of the acceleration. Through the 
assumed channel flow, the electromagnetic variables 
are related to these two. 

In particular, it may be seen from Eq. (19) that the 
current 7 increases as the exponent increases, and de- 
creases as M., increases. Thus, it may be expected 
that the largest effects of Joule heating will occur at 
low Mach numbers and high values of . The trend 
with m may be seen in Fig. 3, where the temperature 


profiles are given for ./. 1 and » from 0.21 to 0.31, 
For comparison, the profile for a uniform free stream 
(7 = 0) at W.. = 1 is shown (dashed line). It is clear 
that the effect of the Joule heating is to increase the 
temperature gradient near the wall and hence to thin 
the thermal boundary layer, and that this effect be- 
comes larger as m increases. In fact, for the larger 
values of mu, a temperature excess actually occurs. 
This is a result of the heat generated by viscous dissipa- 
tion being blocked from transfer to the wall by the 
Joule heating, which occurs very near the wall. From 
Eq. (35), it can be seen that if /’ were unity, @ could 
have no maximum for .J/ 0, since then the right 
side of the equation would be positive for @ > 1. The 
actual value of f’ at the peak of @ ranges from 0.8 to 
1.0, so the contribution of Joule heating to the formation 
of the temperature excess is small. 

As n increases, the velocity profile fills out as indi- 
cated in Fig. 4, and the wall shear increases, as would 
be expected for a boundary layer in an accelerated 
flow. This tendency is somewhat amplified by the 
thinness of the thermal layer, which results in the low 
free-stream density being maintained well into the 
viscous layer. 

At higher Mach numbers, a considerable tempera- 
ture excess occurs as a result of the viscous dissipation, 
as shown in Fig. 5 for 1/4. The magnitude of 
this excess is not greatly different from that for a nor- 
mal high-speed boundary layer. However, the peak 
occurs nearer to the wall because, relative to the free 
stream, the Joule heating rate is lower in the regions 
of temperature excess, and higher in the low-tempera- 
ture region near the wall. The corresponding velocity 
profiles, Fig. 6, show a velocity excess at M/., = 4, asa 
result of the low density in the high-temperature re- 
gion of the boundary layer, and the acceleration of the 
free stream. 

The solutions are of course not strictly valid for any 
Mach number other than zero, because both 6 and / 
depend on J/.., which changes with %. At the higher 
values of J/.,, 6 changes quite rapidly with J/. and, as 
was mentioned before, the total enthalpy becomes a 
more suitable variable. Solutions in terms of the ratio 
of total enthalpy to its local free-stream value g, in 
which it is assumed that 0g/0% = 0, are shown in 
Figs. 7 and 8. It will be noted that in this formula- 
tion the boundary condition on g depends on 7; hence 
at the lower Mach numbers, the solution in terms of @ 
is probably to be preferred. However, at Mach num- 
bers in excess of about 3, g clearly changes less rapidly 
with /.. than does 8, so that for the higher Mach num- 
bers, the formulation in terms of g is definitely more 
accurate. 

At Mach numbers above 4, the combination of free- 
stream acceleration and temperature excess within the 
boundary layer produces a large excess in the total 
enthalpy, a phenomenon which is certainly unusual, 
and perhaps unique to this type of boundary-layer 
flow. In terms of the electromagnetic effects, it may 
be seen to result from the fact that the Lorentz force, 
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jB, is a constant per unit volume and hence is much 
more effective in accelerating the gas in the low-density 
region of the boundary layer than it is in accelerating 
that in the free stream. Part of the total enthalpy 
excess is in thermal energy, but a considerable portion 
is in the form of kinetic energy, as may be seen from 
the velocity profiles of Fig. 8. The peak value of /’ 

As the Mach number increases, the work done by the 
Lorentz force dominates the Joule heating except in a 
region very near the wall where the tempereture and 
velocity are low. The values of n and /’, at which the 
rates of energy addition by these two means are equal, 
are shown in Fig. 9 as functions of J/ 

There is no doubt that the assumption of local simi- 
larity results in a serious overestimate of the rate of 
change of both g and f’ with /.. as /..2 becomes large. 
For example, from Eq. (33), at 7 = 1 and M.. = 5, 
the neglected term is 2f’%(0g/0%) = 0.77, while the 
last term in Eq. (38)—.e., the term representing the 
reversible work—is —1.09. Thus, the right side of 
Eq. (38) is probably overestimated by about a factor 
of two at M/.. = 5, and the results derived from the 
calculations at these high Mach numbers must be 
interpreted with some caution. 

The question naturally arises as to whether similar 
solutions exist as the Mach number tends to infinity. 
It was argued above that this could be true only if the 
quantity g — (/’)*, which is multiplied by J/..* in both 
the total enthalpy equation and the momentum equa- 
tion, were proportional to 1/1/..*. It can be seen from 
Fig. 10 that this is not the case for Mach numbers up 
to 6. As the Mach number becomes large, g and (/’)? 
do tend to the same form except very near the wall, 
where (/’)”, by its quadratic form, must deviate from 
g, which is necessarily linear. This difference in 
boundary conditions on g and (f’)* precludes the possi- 
bility that they approach each other as /.. increases; 
indeed, from Fig. 10, the difference between them in- 
creases slowly with increasing .1/... 

From these solutions, estimates of the heat-transfer 
rate, wall shear, and boundary-layer thickness may be 
drawn. In addition, it is possible to estimate the 
potential drop across the boundary layer and the mag- 
nitude of the electric fields which occur within it. The 
latter quantity is of course of interest for making esti- 
mates of the likelihood of electrical breakdown. 


Heat Transfer 


The rate of heat transfer to the wall, g,,, is given by 


r E 4 dRj | 
~~ st OY x i, ~ 


the second term representing the transport of energy by 
electrons. If we define the Nusselt number in the 


usual way, as 
Nu = —QyX/Kolo(1 — Op) 


then following the transformation from y to , 


Nu 
(ttoX9/vo)'/* (x/x—)'—™™ 


ke in y¥-1 ( — ‘) oo 
0 
(1 —_— oY 1 — 2n (41) 


8 


1—@6 


u 


As before, the subscript () denotes an arbitrary refer- 
ence point in the free stream. Thus, if x = xo, we have 
the usual proportionality between the Nusselt number 
and the square root of the Reynolds number. The 
way in which the latter quantity varies with x is indi- 
however, it must be 


cated by the factor (x/x»)'~*” 
remembered that the factor in brackets also varies 
with x. The dependence of the quantity on the right 
on n and .J., is indicated in Fig. 11. At the reference 
point, = 1/4, WM 1, Nu/(uoxo/ vo)! * = 4.6, which 
is about ten times the value for a comparable boundary 
layer without electromagnetic effects. For M. = 1, 
the heat-transfer rate increases somewhat with n, but 
the most striking variations occur with Mach number. 
The right half of the figure shows the variation of the 
Nusselt number with ./.. obtained with 00/07 = 0 
(solid line) and 0g /0% = ) (dashed line). Upto M 
2, these two assumptions give nearly the same result. 
Either indicates very little change of Nu, Re' * with the 
Mach number between \/.,. = 0 and M, = 2, the 
range where the temperature profile is dominated by 
Above V/.. = 2, the Nusselt number 


Joule heating. 
This rapid increase is a direct 


increases very rapidly 
result of the stagnation enthalpy overshoot near the 
wall; since the latter is known to be seriously overesti- 
mated, the very rapid increase in heat transfer must 
be viewed as only a qualitative, and not a quantitative, 


result. 


Wall Shear 
The friction coefficient is defined as usual in terms 
of the wall shear 7, as Cy = 17/(p.u.."/2), whence 


Cp(utoxg/ vo)" 2/2(x/x0)°"~' = (1 — 2n)”2f"(0) (42) 


The results, as shown in Fig. 12, are not greatly different 
from the usual values except at high ./., where the 
tendency toward a velocity overshoot results, effec- 
tively, in a thin viscous boundary layer. Again, these 
results for large ./.. can be considered only qualita- 


tively correct. 


Displacement Thickness 


According to the usual definition, the displacement 


6* | (:  ... ) ay 
0 Poor 


and in terms of 7, 


6* 
= (1—- any f (@ — f’)dn (43) 
0 


(voXo/ to) '/2(x/x9) 2 


thickness 6* is 


Except at the higher Mach numbers, the displacement 
thickness, as shown in Fig. 13, is only a little larger than 
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80.1766, A=7.5, 6, 70.5 
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Fic. 14. Excess potential drop across the boundary layer, 6¢, 
as a function of the exponent min 4m = ax",for WM. = land asa 
function of M. for n = 1/4 (constant flow-area); see Eq. (44). 


normal, but at high Mach numbers it becomes very 
large as a result of the low density in the high-tempera- 
ture region of the boundary layer. This high-tempera- 
ture region is actually much thicker than it appears in 
Figs. 5 and 7, because of the density transformation 
from y to 7. 


Voltage Drop and Electric Field 

As a result of the variation in electrical conductivity 
and velocity within the boundary layer, and the con- 
tinuous current through it, the potential drop through 
the layer is different from that through an equal dis- 
tance in the free stream. Denoting this difference as 
5, we find from Eq. (5), 


6¢ = f (E — E.)dy = 
0 
| E = Bu. — | dy 
0 o 00 


or in terms of the similarity variable, 


bo 


(Jo /o) ( VoXo Ug) ie 


l ir 00 
(1 — 2n)'/? Jo o 


M..? 
(2 — — i) (1 — r) | dn (44) 
5n — 1 


It should be noted that the factor dividing 6¢, which is 
the potential drop at the reference point in the free 
stream over a distance equal to the boundary-layer 
scale (voxo/mo)'*, is independent of x, so that all the 
variation of 6@ with x is contained in the right side. 
It is shown in Fig. 14 as a function of m and W.. 

At low Mach numbers, 6¢ is determined principally 
by the decrease of o in the low-temperature portion of 
the boundary layer; it is positive, meaning that the 
potential drop in the boundary layer exceeds that in an 
equal distance of the free stream. At higher Mach 
numbers, the reduction in conductivity is more than 
offset by the decrease in uB, the “reversed electro- 
motive force’ in the low-velocity portions of the 
boundary layer, and by the increase in conductivity 
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in the high-temperature region, so that 6¢@ becomes 
negative. In view of the sensitivity of 6¢ to the tem- 
perature and velocity profiles, as exemplified by the 
large difference between the results for 00/0% = ( and 
Og/OZ = VU, the negative values of 6¢ may actually 
occur at somewhat higher values of J/.. than the cal- 
culations indicate. 

In the low-temperature portion of the boundary 
layer, where the conductivity is low, the continuous 
current requires the existence of an electric field some- 
what larger than that in the free stream: thus, a greater 
possibility of electrical breakdown exists in these re- 
gions. It is the electric field in a coordinate system 
moving with the fluid that is felt by the electrons, and 
hence is relevant for this purpose. This field, denoted 
E’,is E’ = E — uB; therefore, from Eq. (5), E’/E..' = 
ay/o. Some typical profiles of o)/o are shown in Fig. 
15. The large variations are confined to the portion 
of the boundary layer very close to the wall. For ” 
1/4, oo/¢ is 36 at yn = 0.1, and 11 at 7 = 0.2. 


Numerical Example 

A numerical example may be of some help in con- 
veying the magnitudes of the various quantities con- 
sidered above. For this purpose, consider the accelera- 
tion of a gas comprising helium plus one mole per cent 
of cesium—i.e., the gas described in Fig. 1. Assume 
that the gas is to be accelerated from M, = 1 at a con- 
stant temperature of 3,000°K, in a channel of con- 
stant area (mn = 1/4) with a wall temperature of 
1,500°K. 
weber m~*. This maximum value is given by Eq. 
(22) as B, = 2E./3GR1.)"*,. so that £.. = 6,500 
volts m~', or 65 voltsem~!'. From Eq. (19), the cur- 
rent density at the initial point of the channel is j) = 
3.6 X 10° amp. m Now if the 
pressure at the initial point (17.. = 1) is 1 atmosphere, 
Eq. (20) gives the initial value of x, say x0, as 0.57 X 


Let the maximum magnetic field be 1 


= 360 amp. cm~’. 


Mo=!, 6,-0.5, A=75, 8=0.1766 


06 ox °° 











ce) 
.@] 500 1000 1500 2000 
g/r 
Fic. 15. Ratio of local to free-stream electric field, o)/o, as a 
function of 7 for 17. = 1 and various values of the exponent ” 
iN Ue = ax". 








of 
att 


10 
the 
m 
dre 


rat 

exd 
wo 
thi 
tha 
hov 
tha 
che 
on 

wa 

the 


the 
of 


con 


sur 
has 
resi 
elec 
in | 
wit 


ope 
of t 
tro 
As} 
or | 
bili 
of 1 
elec 
ana 
stu 


len; 
the 
tre: 
the 
side 
ala 


Ten 


For 


omes 
tem- 

the 
) and 
ually 


cal- 


dary 
WLOUS 
yme- 
‘ater 
re- 
tem 
and 
ted 
’ 
Fig. 
tion 
ee 


oOn- 
on- 
Tra- 
ent 

me 
on- 
On- 


00 


66 





DIRECT-CURRENT PLASMA ACCELERATORS 643 


10° m, and in a length of 0.1 m. (10 em.) a velocity 
of 6,650 m/sec, or a Mach number of 2.1, would be 


attained. 
The displacement thickness 6* at x) would be 0.74 X 


10-4 m or 0.74 mm and, from Eq. (41) and Fig. 11, 
the heat-transfer rate g,, would be 0.301 X 10° watts 
m~°. From Eq. (44) and Fig. 14, the excess voltage 


drop across the boundary layer would be 45 volts. 

The difficulty of cooling a wall with a heat-transfer 
rate of the magnitude given above is quite clear. For 
example, to pass this heat flux through a tantalum wall 
would require a temperature drop of 1,000°K in a 
thickness of about 0.2 cm. Assuming for the moment 
that such a heat flux can be maintained, one may ask 
how the power withdrawn by cooling compares with 
that added by the current and magnetic field. For a 
channel half-height of 1 cm, the power input based 
on free-stream conditions, at xo, would be 2.3 x 10° 
watts m~*, and with the additional potential drop in 
the boundary layer included, it would be 3.9 X 105 
watts m-*. These power inputs are 7.6 and 13 times 
the cooling power. Thus, the efficiency of conversion 
of electrical energy to jet kinetic energy, based on the 
conditions at W., = 1, would be about 0.92. 


Concluding Remarks 


One of the phenomena that are likely to occur at the 
surface of a cooled electrode in a hot, flowing plasma 
has been considered. in some detail. As expected, the 
results show that the current flowing normal to the 
electrode surface should cause a considerable increase 
in the heat-transfer rate over that which would exist 
without the current. 

The heat-transfer rates are in fact so high that if 
operation at high pressures is necessary for suppression 
of the Hall effect, then some means of cooling the elec- 
trode other than simple conduction may be required. 
Aspiration cooling, either by the gas to be accelerated 
or by an alkali metal such as lithium, may be a possi- 
bility. The latter seems particularly attractive because 
of the possibility of lowering the work function of the 
electrode surface. These techniques are susceptible to 
analysis by the present methods, and seem worthy of 
study. 

At pressure levels below about ().01 atmosphere, the 
length of the electron mean free path, as compared to 
the boundary-layer thickness, invalidates the present 
treatment. Under these conditions, the departure of 
the electrons from equilibrium must be explicitly con- 
sidered. In addition, the Hall effect is likely to have 
a large influence on the character of the boundary layer. 
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(Continued from page 621) 


in low frequencies, in which case the twisting length 
L, of the modified Alfvén wave is approximately given 


L/Li = (1/2)(@,/wom) with L = (27/w,)Ai 


For example, going back to the wavy-wall problem for 
crossed fields and large X,,, where the Alfvén mecha- 
nism obviously plays an important role, it is 
realized that the peculiar Hall-current pattern shown in 
Fig. 6 must be closely related to the twisting of the 
plane of polarization of the modified Alfvén wave. 
In fact, it is easily shown that the distance L,’, shown 
in Fig. 6, is given by 

Fr, L,cos ~ where cos ¥ = m/(1 + m?*)” (51) 


In the wavy-wall problem, it may be noted, the wave 
normal forms an angle y with the magnetic lines of 
force (see Fig. 6), which gives rise to the factor cos y 
in Eq. (51). 

Finally, it should be mentioned that damping of the 
waves discussed above can be studied by including the 
imaginary term in Eq. (48). In the low-frequency 
limit the damping of the modified Alfvén wave is found 
to be the same as that of the classical plane Alfvén 


wave. 


Concluding Remarks 


The present investigation was carried out as a first 
step towards a better understanding of Hall-current 
phenomena in engineering applications of magneto- 
hydrodynamics. Despite the simplifying assumptions 
of inviscid, incompressible flow and full ionization, the 
problems treated here are believed to elucidate some 
important features of real tensor-conductivity gas 
flow; viz., the formation of Hall-current loops, the 
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influences of geometry, Alfvén number, and magnetic 
Reynolds number on the magnitudes of tensor-con- 
ductivity effects, and finally Alfvén-wave propagation 
and the role played by modified Alfvén waves in the 
creation of certain Hall-current patterns. 
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Summary qu 
wn ea 4) Ne transfer at surface; Eq. (48 
rhe distributed injection of a foreign gas into a compressible, 0. total energy transfer at surface—i.e., thermal 
turbulent boundary layer in the absence of a pressure gradient is conduction, mass-diffusion, and enthalpy-flux 
considered. The analysis is performed within the framework of energy transfer at surface—Eq. (28) 
the binary-mixture concept, that is, the primary fluid flowing Mqu/ Ann blocking wction; Eq. (50) 
over the surface represents one component while the injected R universal gas constant 
species represents the second Re, = peeV/pte = Reynolds number 
Calculations have been performed for the injection of helium Sy = p/sD ne eee a eee oe 
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number on surface shear and energy transfer when distributed ‘it ibsolute temperature 
light-gas a paaneaaaae normal ” the surface exists. A comparison u streamwise velocity component 
with experimental data indicates reasonable agreement over a ss convective normal velocity component 
range of Mach numbers vi = V; + v = resultant normal velocity component 


of species 7 
Symbols V; diffusive normal velocity component of species 7 


streamwise coordinate 
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i . ie = y = normal coordinate 
a parameter defined by Eq. (25) : E eee cia = 
Sgn a, = constants defined in Eq. (22) (7 0, 1, 2) 
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Introduction 


b pes DISTRIBUTED INJECTION of a foreign gas into a 
nonisothermal turbulent boundary layer on a flat 
plate is considered. The analysis is performed within 
the framework of the binary-mixture concept—i.e., the 
primary fluid flowing over the surface represents one 
component while the injected species represents the 
second. 

The present analysis is based on the Couette-type- 
flow, Karman-momentum-integral approach; that is, 
the defining equations are specialized initially to a 
Couette-type flow to give relationships between the 
dependent variables and the coordinate normal to the 
body surface; the streamwise variations are then intro- 
duced by use of the Karman momentum integral. 

Some work has been done previously on the binary- 
mixture, turbulent-boundary-layer problem. Rubesin 
and Pappas! assumed an isothermal flow (zero Mach 
number) for the derivation of a skin friction—Reynolds 
number relation. They considered the Prandtl and 
Schmidt numbers in the laminar sublayer and in the 
turbulent region constant, with the turbulent values 
Energy transfer at the wall was based 
Their results indicate 


equal to unity. 
on thermal conduction only. 
an increase of energy transfer to the surface at very 
small injection rates. 

Culick? considered the nonisothermal 
limited his analysis to the derivation of a Reynolds 
analogy between skin friction and heat transfer. 
Fluid properties in the sublayer, entering through 
the Prandtl, Schmidt, and Lewis numbers, were as- 
sumed to vary with concentration, while the turbulent 
Prandtl and Schmidt numbers were assumed unity. 
Results are given in terms of the interface velocity 
asaparameter. Hence, final results in Culick’s analysis 
await experimental data to give the variation of skin 
friction and interface velocity with injection. 


case but 


The present paper also considers the concentration 
dependence of the fluid properties in the sublayer. As 
in references | and 2 quoted above, a helium—air mix- 
ture is analyzed subject to the same boundary condi- 
tions. It has been shown,* by use of the Couette 
model, that the imposition of concentration-dependent 
fluid properties in the sublayer makes it impossible to 
assume arbitrary turbulent Schmidt and Prandtl num- 
bers. In fact, it was shown?’ that assuming a turbulent 
Schmidt number of unity leads to inconsistent results. 

As in all turbulent boundary layer analyses, the 
present paper depends, to some extent, on experi- 
mental data. The present analysis requires an ex- 
perimental relation between the velocity at the inter- 
face and the local skin-friction coefficient. The usual 
expression for this relation (see references | and 4, for 
example) has been extended, herein, to include the 
effects of the binary mixture [Eq. (44)]. In addition, 
the usual initial condition (that the skin-friction coeffi- 
cient and, consequently, the interface velocity ap- 
proach infinity at the leading edge of the plate) has 
been replaced by a more realistic starting condition, 
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namely, that the interface velocity be equal to the 
edge velocity at the start of the turbulent region. 

It is noted that the relationship between the interface 
velocity and the local skin-friction coefficient [Eq. 
(44) |] contains a constant, Ky. In addition, the Prandtl] 
mixing length introduces a constant A, [Eq. (34)]. 
These constants are determined by analyzing the flow 
of a constant-property turbulent fluid over an im- 
permeable flat surface. In this special case, a closed- 
form solution for the skin friction—Reynolds number 
relation results. The constants A, and Ky» are ob- 
tained by fitting this relation to low-speed experimental 
data available in the literature. The details are con- 
tained in reference 5. 


Analysis 


The binary-mixture, turbulent-boundary-layer equa- 
tions for the steady, frozen flow of a compressible fluid 
over a two-dimensional surface in the absence of a 
pressure gradient are as follows:* 
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In the above system of equations, a bar over a symbol 
represents a time-averaged quantity. The symbols 
€», €¢, and ¢, (contained in the turbulent Prandtl and 
Schmidt numbers Pr, and Sc,) are respectively the 
eddy coefficient of viscosity, the eddy coefficient of 
binary diffusion, and the eddy coefficient of thermal 
conductivity. 

The boundary conditions are: 


y=0: «= 0, [=i (=i. 8 = a, 
y=0: aw=u, T=fT, 
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FLAT PLATE COMPRESSIBLE 

\t the present time, a rigorous solution of the turbu- 
lent boundary-layer equations is unattainable mainly 
because the functional relationships between the eddy 
transport coefficients (€,, €¢, «.) and the time-averaged 
dependent variables (a, #, C,, ete.) are unknown. An 
approximate solution is obtained by considering first a 
Couette-type flow to relate the dependent variables to 
the coordinate normal to the body surface; at a later 
stage, streamwise variations are introduced by the use 
of the Karman momentum integral. 

To perform the Couette-type analysis, the flow is 
a laminar sublayer and 

The laminar-sublayer 


divided into two regions—.e., 
a fully turbulent outer region. 
conservation equations are obtained from Eqs. (1)—(4) 
by dropping the bar denoting a time-averaging process, 
and by neglecting the eddy transport coefficients with 
respect to the molecular transport coefficients. In a 
similar manner, the turbulent conservation equations 
(1)-(4) when the molecular transport 
coefficients (Z, Dy, k) are neglected with respect to the 
eddy coefficients. For Couette-type flow—i.e., 0 Ox = 
(}—the resulting equations in the laminar sublayer and 
in the turbulent region are respectively as follows: 


result from Eqs. 


Laminar Sublayer 


Continuity: 


(d/dy)(pv) = O (6) 
Species: 
dC; d _ Cy - 
“ dy > (oD =) 
omentum: 
du d du 
ai” a i (i =) 9) 


/:nergy: 


; d ( 4 “) ; d E d ( 4 “+ 
dy\ 2) dyLPrdy\ 2 
| d [u? m Sc dC\ 
t= 1 — (hy — he 
u( =) dy E ) r £( =) oe =| 


(9) 
Turbulent Region 
Continuity: 
(d dy)(pv) = 0 (10) 
Species: 
dC, - 1& 
pv : (11) 
dy ~ d y “4 dy 
Momentum: 
te di 
(12) 
pe dy ~ dy * dy 


Energy: 


ai, a €, “ 
m ay (i ” s) = ~ de ait *)+ 
d [a* 
a (: - x Jes) * 
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: (1 _ mh - iy | (13) 

Se» a oP dy 
The laminar-sublayer equations satisfy the boundary 
conditions at the wall; the turbulent equations satisfy 
the boundary conditions at the edge of the boundary 
In addition, at the interface between the lami- 


(designated by 


layer. 
nar sublayer and the turbulent region 
the subscript a) the following conditions are satisfied : 


(w)e— = (Ze, (T)- (T)a., ete. (14) 
(pDi2 dC; /dy) q (pea dC, dy) a: (15) 
(u du/dy),— = (e, du ‘dy), (16) 
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concentration 


dT dc, 
—k + pvh — p30 hy — he) a 
dy dy 


iT 7 ; iC 
| ~« + puh — pea(h; — he) yo. (17) 
dy dy Jas 


Eqs. (14) impose continuity of the dependent vari- 
in addition, Eqs. (15), (16), and 
continuity of diffusion mass 


ables at the interface; 
(17) impose, respectively, 
transfer, continuity of shear, and continuity of energy 


transfer. The latter includes the energy transfer by 
thermal conduction, by enthalpy flux, and by mass 
diffusion. 


Solution of the Laminar Sublayer Equations 


The Couette-type laminar-sublayer Eqs. (6)—(9) 
are solved satisfying the boundary conditions at the 
wall. Since pv = pyt, [Eq. (6)], the species Eq. (7 


may be integrated twice to yield 
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" C1 1C 
; me. i) peers (18) 
2 Cy SclCi + (#/t) — 1] 


where the symbols are as defined at the beginning of the 
article. 

The quadrature is evaluated in closed form uncoupled 
from the momentum and energy equations as follows. 
Initially, the nondimensional viscosity wx is replaced 
by the three equivalent ratios (j2/ u2,) (Mee/Me) (u/ M2). 
The term p2 pe, is the ratio between the viscosity of the 
air in the sublayer and the viscosity of the air at the 
edge of the boundary layer. It is assumed, for calcu- 
lating this ratio only, that the temperature does not 
vary much through the sublayer, and that the viscosity 
of the air may be represented by an exponential func- 
tion of temperature—i.e., that 


(Me Mee) = (Tl.  P 


where 7 is aconstant. The term po, u, is the ratio be- 
tween the viscosity of the air at the edge of the boundary 
layer and the viscosity of the mixture at the same point. 
It is shown in Fig. 4 of reference 7 that this ratio, over 
the temperature range SIO°R < 7°< 3,600°R, may be 
considered a function of C\, only, that is, of the con- 
centration of the injected species at the edge of the 
boundary layer. Consequently, the only ratio of the 
three equivalent ratios of ux to remain under the in- 
tegral sign in Eq. (18) is u/u. which may be combined 
with the Schmidt number in the form Sc (u/s). To 
an excellent approximation, for a helium-air mixture, 
the results of reference 7 (Figs. 4 and 18) indicate that 
this term may be represented by a linear function of 


concentration, namely, 
Sc/ (w/e) = ao + QC, (19) 


where @ = 0.22 and a, = 1.37. This relation is shown 
in Fig. 1 as are the data obtained from reference 7. It 
is noted that Eq. (19) lies practically coincident with 
the curve 7) = 1,000°R. With the aid of Eq. (19), 
the quadrature in Eq. (18) may be integrated, giving 
thereby the relationship between the normal coordinate 
and the concentration as: 
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6% (T/T .)” (u2,/ te) 
c Sf Re, = u x 
2 dy — a [(r/f) — 1] 


C\ + (4 ¢) — 1 a MCh, 
ni — ; (20 
Cw + (9r/f) — 1 a taG 


The velocity is related to the normal coordinate by 
considering the momentum equation (8) and by de- 
riving a relationship between velocity and concentra- 
tion. The integration of the momentum equation 


twice, using the condition pv = pyV,», yields 


; [ dC, 

In (1 + us) = (21 
Jo,,S¢(Cy + (4 /$) — 1] 
Integration of the quadrature is performed considering 
the Schmidt number of the binary mixture a function 
of concentration only. It has been shown (reference 
7, Figs. 17-19) that the Schmidt-number dependence 
on temperature is negligible. In the present analysis, 
the Sc(C|) dependence for a helium—air mixture is repre- 
sented by the quadratic 


OC = Ase + acy + asl)" (22 


where ay = 0.22, a, = 1.66, and a = —0.20. (A 
comparison between this relation and the data of 
reference 7 is shown in reference 13.) With the aid 
of Eq. (22), Eq. (21) may be integrated, giving thereby 
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the relationship between the velocity and concentration 


in the sublayer as: 


(a+“) (444) 
tie «f= 
( lw i A Cie + B 


( Ci + (4 es, ) (23 
2) 
ie = (1 ¢) = l 


where 
| a — Va — 4ayae 
2a 
a + Vay — tapas 
B 
2a2 
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l 
al(B — A)[A +1—(r o)] 


a(B— A)[B + 1 — (x/f)] 


l 
afl + 1 — (9/§) |B + 1 — (#/f)] 


It is noted that 4, B, and w,(z = 1,2,3) are constants 
dependent only on the coefficients a; in the Sc(C;) rela- 
tion and on the prescribed ratio m ¢. 

The temperature is related to the normal coordinate 
by considering the energy equation (9) and by deriving 
a relationship between temperature and velocity (and 
hence concentration). Since py = p,v, and the en- 
thalpy /# of the mixture in terms of its constituents is 


h ho + (hi — he)C\, the energy equation (9) can be 
integrated once to give 
dls fon ‘ . Clix 
+ 7 * = —a@ — bDux\| 1 + (24) 
do 2 


where the specific heats of the constituents of the mix- 


ture, C,,, and c,., are considered constant. In addition, 


Qu / pete(Cs,/2)hE | 


__ I¢ 


a= 
T/ Cp — Cpe Cpr 
be = _ - 
§ Cpe Cre 


, (u.? h&) 
5h = (26) 


| (= — ©p, ) Cp | 
¢ Cr Sn 
Cy. | {Cp — Cp, Ge Bee dy di 
dp = pli, ; | ( ) -_— Pr (27) 
2 ¢ C; Cpt Cp iv 


dT 
—k, ( ) + Pull y 
dy], 


dC, 
PwDi2w (Mi a how) (28) 
dy Jy 


(25) 


Q,, represents the total energy transfer at the surface 
resulting from thermal conduction, enthalpy flux, and 
mass diffusion. Eq. (24) isa first-order, linear, ordinary 
differential equation. Its solution may be written 


a ‘ an = b > CUx 5 
Tse? — Tx, = @1 — e*) — buxl 1 + > e* + 


Uy 
bf (1 + fux)e? dux (29) 
0 


The relation between the new independent variable 
@ and the concentration results from Eqs. (18) and 
(27). With the aid of the former (after differentiation) 
to eliminate dy/u, Eq. (27) may be written 


= |2( — Cp ) 7 cn] x 
$ Cp Cp 
f dC, 
Cru Sc op 


[Ci + (7/g) -— 1] 


PP é, 
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The group of terms (Sc’Pr)(c, C,,) is considered de- 
pendent on concentration only. It is approximated, 


for a helium—air mixture, by the quadratic relation 
we ty aa ae 
. by + A, ( .. bol 1” (30) 
PT Cu 
where &, 0.306, 2, 8.974, and bd» 2490. (A 
comparison of Eq. (30) with the data of reference 7 is 
shown in reference 13.) 
Hence the equation for ¢ integrates to 


o= [2(2#—*) _ 2] x 
§ Cps Cp 
(a+*)(St*)(S+ rin iy! 
In | : \ : 
Cre + E Cis 2 F ia ~~ (¢/¢) = l 


where £, F, and X; (¢ = 1,2,3) are constants dependent 
only on the coefficients 6; and the ratio  ¢. They are 


defined by 


b, —V by? — Abybe 


E = 
2b» 
” b; + V b,? a t4bybo 
’ - 2b» 
l 
i a “eo 
b(F — E (E+ 1 — (2 $)] 
l 


9 


a b(F — E)[F + 1 — (ro)] 
l 


Ae = 
bIE +1 — (#/)[F +1 — (2/9)] 


The solution of the laminar-sublayer Eqs. (6)—(9) 
is thereby complete. The turbulent equations are con- 


sidered below. 


Solution of the Turbulent Equations 


The Couette-type turbulent Eqs. (10)—(13) are solved 
satisfying the matching conditions at the interface 

i.e., at a+. The procedure parallels, in many re- 
spects, the laminar-sublayer analysis. 
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Integration of the continuity Eq. (10), satisfying 
continuity of mass flux at the interface, yields py = 
Put». With the aid of this relation, integration of the 
species Eq. (11), after satisfying continuity of the con- 
centration and the diffusion mass flux at the interface, 
yields 


of » (pd C 
- Ce, = — a... as = (; 
2 Se,[Ci + (4/f) — 1] 


te 


where the subscript / on the normal coordinate signi- 
fies the turbulent region. Eq. (32) cannot be inte- 
grated to yield a relationship between the normal co- 
ordinate and the concentration (as in the sublayer 
analysis), as it contains the eddy viscosity coefficient 
e, which is related to the density and the velocity 
through the Prandtl mixing-length concept. Instead, 
to derive an expression for the normal coordinate 
the momentum Eq. (12) is considered. With the 
aid of the relation pu = p,v», the latter, after one 
integration and satisfaction of continuity of shear at 


the interface, gives 


Cy (€, be) dix 
~ dRey, = = (33) 


2 ~ 1 + file 


The Prandtl mixing length is employed to relate the 
eddy viscosity coefficient to the density and velocity 
by*® 
-, _ ai ' 
€, = pKy*y/? (34) 
dy, 

where A, is a constant whose value is obtained from 
experiments. Elimination of e, from Eqs. (33) and 
(34) enables the former to be integrated to 


x. tix - 1/2 
Vv Cf, 2 kg l + Fux 


(35) 


This expression relates the local velocity to the nor- 
mal coordinate provided that jx(a%) is known. The 
equation of state (5) gives the functional relation jx = 
px(C;,7*); it is shown below, from a consideration of 
the species and momentum equations, that C, = C\(ax), 
and from the energy, species, and momentum equa- 
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tions, that Tx = Tx(a). Hence, px (Ux) is known 
and the normal coordinate may be evaluated. 

The relationship between concentration and velocity 
in the turbulent region results from Eqs. (32) and (33). 
Combining the latter, considering the turbulent 
Schmidt number constant, and integrating, results 


1n 


(7+ t)" Ci + (9/f) -— 1 
= — (36) 
1 + (Ux, Cig t+ (2/0) — 1 
The relationship between temperature and velocity 
in the turbulent region is obtained from the energy equa- 
tion (13). As pu = py», the latter may be integrated 


once to give 


dTx > s , (Ux ie 
+ Ll» = =—— — biix | + (37) 
dd, 2 


where @ and b were defined previously, and 
Cy, Son. — Cp, Cy |on » Or 
do, = pelle ~ F} = _ Pi 
2 § Cone Che Ch € 


In the derivation of Eq. (37), the continuity conditions 
at the interface, as given by Eqs. (14), (16), and (17) 
have been satisfied. Eq. (37) is a first-order, linear, 
ordinary differential equation whose solution may be 


written 


Txe** — Tx, = G1 — e*) + 


; Fix g , fux\ 4 
5] mea( + me — Ux\ 1 + a ev + 
Ux = 
/ (1 + (ux edie | (39) 


This equation gives the relationship between the tem- 
perature and the velocity in the turbulent region. 
The exponential term e* is related to the concentra- 
tion by considering Eqs. (32) and (38). Eliminating 
dy,/e, from these equations, and integrating, gives 


Pr, | + (r/f) -— ‘| 
= In 4 = 7 x 
? &.” aL +t Pw 9 


F oa (Cor/ Coe = v= Ih (40) 
l + (Cp,/Cp — 1)Ciat! 
where the turbulent Prandtl and Schmidt numbers were 
assumed constant. 

The solution of the turbulent Eqs. (10)—(13) is com- 
plete. In the next section, the integrated Couette- 


sublayer and turbulent equations are combined and 
their method of solution discussed. 


Solution of the Integrated Couette-Type 
Equations 


The solution of the integrated Couette-type equa- 
tions is initiated by a consideration of the concentra- 
tion—-velocity relations in the sublayer and in the 


turbulent region. When Eq. (23) is evaluated at the 
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interface, and Eq. (36) is evaluated at the outer edge of 
the boundary layer, and ux, is eliminated from the re- 
sulting expressions, the relation obtained is: 


(Cs + (4 + 5) (e + (xf) - y 
Cio + A Cw + B Cie + (rf) - l 


Cia + (w/e) — 1\"™" 
(i + $74 = =) (41) 
Ci. + (ar S)— ] 


This equation represents the starting point in the 
calculation procedure. It relates the concentration 
at the interface to the concentrations at the wall and 
at the edge of the boundary layer for prescribed values 
of the turbulent Schmidt number Sc,, and for pre- 
scribed values of the nondimensional injection param- 
eters ¢ and z. 

The implications of the solution of Eq. (41) were 
discussed previously in reference 3. It was shown 
therein that if the laminar Schmidt number is per- 
mitted to vary through the sublayer (as permitted in 
the present analysis), then the magnitude of the turbu- 
lent Schmidt number, still considered constant, cannot 


be arbitrarily assumed. In fact, it was shown that 


THELIUM-AIR MIXTURE 
4} $+ titi itive, Mg ® — | 


Tw sy 











R€x-xo 


Effect of helium injection on local energy transfer; 


Me. = 4,(Tw/T.) = 


Fic. 3b 


the (usual) assumption of a turbulent Schmidt number 
of unity leads to inconsistent results (when the injec- 
tion parameter ¢ is greater than unity). It was con- 
cluded that the inconsistent results could be eliminated 
by either of two methods: (1) by restricting the value 
of the turbulent Schmidt number outside the range of 
variation of the laminar Schmidt number [for a helium 
air mixture, the laminar Schmidt number varies be- 
tween ().22 and 1.68—see Eq. (22)], or (2) by imposing 
continuity of the Schmidt number at the interface. 
In the present report, the latter method was applied. 
It is interesting to note that, as Eq. (41) is uncoupled 
from the energy equation, its solution is general for all 
temperature ratios 7,,/7, and for all flow conditions 
along the outer edge of the boundary layer (provided 
that C;, = 0, as assumed herein). 

The next step in the solution requires an expression 
for the quantity @ [defined by Eq. (25)]. For this 
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purpose, the temperature—velocity relations in the 
sublayer and in the turbulent region are considered. 
When Eq. (29) is evaluated at the interface, and Eq. 
(39) is evaluated at the edge of the boundary layer, and 
7x, 1s eliminated from the resulting expressions, the 


equation for dis: 


cae = es ~ 1 + (1 + shen on 4 


{ Uxa 
b f (1 + ux )e® dix + 
0 


7) | 7 
| (1 + tx )e® ii | (42) 
Nea J 


Close examination of Eq. (42) indicates that @ is a 


function of the following parameters: 


@ = ala, f, Cre Cue Tw/ Te, te? hy) (43) 


Hence, in addition to z, ¢, C;,, and C),,* which were 
required for the solution of Eq. (41), @ requires speci 
fication of the temperature ratio 7), 7), and the energy 
It should be noted that each set of input 
The exponential 


ratio u,” h,. 
data results in a unique value for @. 
and e*. are given by Eqs. (31) and (40), 


da 


terms ¢ 
respectively, with C; = C,, in the former and "de 
C,, in the latter. In Eq. (40), Se, Sc, and Pr, 
Pr,; the latter value must be consistent with Eq, 
(30). The local velocity in the sublayer is found from 
Eq. (23) by assuming Ci, < Ci < Cig, while the local 
velocity in the turbulent region is found from Eq. (36) 
by assuming C,, < C, < C,; 5, in Eq. (26), is de- 
pendent only on given input data. The integrals in 
Eq. (42) were evaluated numerically. 

With d known, the temperature distributions through 
the sublayer and the turbulent region follow from Eqs 
(29) and (39) respectively. The integrals were evalu- 
ated numerically. 

It is noted that the calculations to this point have 


* Actually, in the solution of Eq. (41), Ci, was assumed and 


C,, was calculated. This is a much simpler procedure than the 
reverse, as Sc; is assumed equal to Sc, and, hence, is a function 


of the interface concentration | Eq. (22) 
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not required specification of the injection ratio p,v, 
pu, or the skin-friction coefficient c;,/2 separately; 
only their ratio, designated by ¢, need be stipulated. 
However, when the normal coordinate is calculated 
[Eq. (20) for the sublayer and Eq. (35) for the turbulent 
region], the local skin-friction coefficient, corresponding 
to the input data assumed, must be specified. 

For this purpose, recourse is made to experimental 
data, wherein it has been shown (at least for low-speed 
flow) that the interface velocity is proportional to the 
square root of the local skin-friction coefficient. For 
high-speed flow, this experimental relation has been 
extended to account for compressibility by introducing 
the density ratio p,/p, as follows: 


Uxq = Ki Ne, 2WVo, Pw 


where A, is a constant dependent on experimentation. 
Or, considering the equation of a state (5), the inter- 
face velocity is defined by: 


Ms ng 
+ (= ned i) ( lw 
atone (44) 
Me ‘ 
+ ( ia .) Cc le 
My 


This expression fixes the local skin-friction coefficient 
for each set of input data 7, £, Ci, Ci, and 7°,/7,. 

The displacement thickness and the momentum 
In terms of Rey- 


Hee KG V7" 


thickness may now be determined. 
nolds numbers, they are calculated from: 


Resx iy Hey Re, 
Re; 7 J 0 Cl 7 prus)d( 5) + 
_ Re, . 
i. me — pxUx a ) (45) 


Reg = és a(R) 
= 1 _ 
Re; J 0 otis: one Re; - 


- ? Rey, 
px tx (1 a tx )d ag (46) 
Re,,/Reb Re; 


Ya! 


1961 


The first integral represents the contribution of the 
laminar sublayer while the second integral represents 
the contribution of the turbulent region; /e,, is ob- 
tained from Eq. (20) by setting C) = Ci, and Re, 
(the boundary-layer thickness) is obtained from Eq. 
(35) by setting the upper limit on the integral equal to 
unity. The density in the sublayer, px, is obtained 
from the equation of state (5). 
(45) and (46) are evaluated numerically. 


The integrals in Eqs. 
A unique 
displacement and momentum thickness results for each 
set of input data indicated in Eq. (43). 

The energy transfer at the surface may be expressed 
in several ways. For example, the total energy transfer 
at the surface, arising from thermal conduction, en- 
thalpy flux, and mass-diffusion flux [Eq. (28)] is: 


Cc T c = £ c 
fe — Pp Pp p a 
CG, = pl, h.&a |: ( ) _ | (47 
2 $ Cp Cp, 


or, if only thermal conduction and mass diffusion are 
considered, the energy transfer at the surface is: 


Cfin ch 29UT Co, — Cor Cpt 
a. = pitt, h& | a- = __ 
2 le Cpe Che | 


lw Gin 
T. (cp, 


It should be noted that the analysis to this point con- 
siders only Couette-type flow—i.e., flow without stream- 
wise variations. The streamwise variations are con- 
sidered in the following section by the use of the Karman 
momentum integral which, essentially, relates the 
local skin-friction coefficient to the local streamwise 
Reynolds number. 


Consideration of Streamwise Variations 


For a flow without a pressure gradient over a two- 
dimensional surface, the Karman momentum integral, 
in terms of Reynolds number, may be written 


(dReg/dRe,) = (1 + £)(c,/2) 


which upon integration becomes 


1 Rea dRe 
Re, — Ren, = { — (49) 
i+f Reg, Cy 2 


¢ 


The integral is evaluated numerically. The starting 
Reynolds number Keg, is obtained from the Couette- 
type analysis by setting Ci, = C,. This is analogous 
to setting “x, equal to unity, and imposes that only 
laminar flow exist at the starting point for the integra- 
tion of Eq. (49). As Ci, varies and approaches C\, 
(correspondingly, ux, decreases and approaches zero), 
Reg increases and approaches infinity. It should be 
noted that the usual starting condition, that when 
x — 0, c;,/2 ~> © and Reg, > 0, is not used in this 
analysis as this condition imposes an infinite interface 
velocity at the leading edge [Eq. (44) ]. 


Details of the Numerical Calculations 


Numerical calculations were performed for the in- 
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FLAT PLATE COMPRESSIBLE 
The proper- 


jection of helium into undissociated air. 
from 


ties of the helium-—air mixture were obtained 
reference 7; they were grouped into certain required 
combinations and were approximated by linear or 
quadratic functions of concentration [see Eqs. (19), 
(22), and (30) J. 

The following conditions were imposed on the anal- 
The first condition stipu- 


ysis: Cy, = Oand wr = 0. 
lates that the injected helium remain in the boundary 
layer, while the second condition is identical to the 
boundary condition 7%, = 0. Since v2. = Ym + Vo, the 
condition 7 = () states that the convective velocity of 
the mixture at the wall v, is equal in magnitude but 
opposite in direction to the diffusion velocity of the 
air at the wall V2, 

The curves for ¢ = 0 were obtained by performing 
a separate analysis for the turbulent flow of undisso- 
To be 


wherein 


ciated air over an impermeable, flat surface. 
consistent with the helium—air calculations, 
continuity of the Prandtl number at the interface is 
imposed, it is necessary when performing the ¢ = 0 
calculations to assume the laminar Prandtl number 
equal to the turbulent Prandtl number. From Eqs. 
(22) and (30), when C; = 0, Pr = 0.72 and represents 
the value used for the ¢ = 0) calculations. 

The constants A, [Eq. (34)] and AK, [Eq. (44) 
In the absence of more 


are 





dependent on experimentation. 
reliable information, these constants were determined 
from a constant-property, turbulent air flow analysis 
over an impermeable, flat surface, which gave A, = 
0.392 and Ky = 11.5. The details are contained in 
reference 5. These values were used in all the calcula- 
tions. 

For helium, c,, = 1.25 Btu lbm and 9, = 4 Ibm 
lbm-mole; for air, cp, = 0.241 Btu/Ilbm and I, = 29 
Ibm Ibm-mole. 

In Eq. (20), the 


ratio is assigned the 


exponent # on the temperature 
value of 3/4, while, in the same 
equation, since C;, = 0, the viscosity ratio p2,/u, is 
unity. 


Discussion of Results 


Reported herein are the results of calculations for a 
temperature ratio 7),/7), of unity at free-stream Mach 
numbers of 2, 4, and 8. (Additional results are con- 
tained in reference 13.) 

Figs. 2a—2c show the effect of helium injection on the 
local skin-friction coefficient at constant values of the 
injection parameter ¢. Figs. 3a—3c show the effect of 
helium injection on the local energy transfer where the 
energy transfer includes the contributions of thermal 
conduction and mass diffusion [Eq. (48) ]. 

Fig. 4 shows a comparison between the present re- 
sults (contained in Figs. 2a—2c) and the experimental 
The figure shows the effect of Mach 
the skin-friction coefficient at constant 
injection rates. The solid curves result from the pres- 
ent analysis and represent local skin-friction coeffi- 
cients at a local streamwise Reynolds number Ke,_,, = 


data of Pappas.” 
number on 


TU 
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10°. The test points (encircled) are average skin- 
friction coefficients resulting from tests on a partially 
porous pointed cone and are connected by the dashed 
curves. The test data and the present analysis both 
indicate a significant dependence of the skin-friction 
coefficient on the Mach number, especially at the higher 
injection rates. It is interesting to note that the solid 
curves have the same trend as the dashed curves. At 
lower injection rates, the solid and dashed curves are 
concave downward while at higher injection rates they 
both become concave upward. 

Fig. 5 shows a comparison between the present re- 
sults (Fig. 3b) and other analyses available in the 
literature. The figure shows the relative blocking ac- 
tions of helium and air injection into laminar and 


turbulent flow. The ordinate is defined by 


| (4 ) i 
h.\Am, 7 


where the ratio Ay, Am, is termed the blocking action 
and represents the effectiveness of fluid injection on 
The re- 


(Gwo/ Pele) rw 0 — (Gro/ Peele) re =0 


Pete) 


(50) 
(Pwtu 


reducing the energy transfer at the surface. 
sults of the present analysis (helium-to-air, turbulent) 
are compared to those of Rubesin (reference 4, air-to- 
(reference 11, helium-to-air, 
air-to-air, laminar). 


air, turbulent), Baron 
laminar), and Low (reference 12, 
A comparison between the laminar and _ turbulent 
analyses is probably not conclusive, since the former 
are based on 1/ \x-type injection (similar solutions), 
while the latter are based on an injection distribution 
consistent with the assumption. The 
turbulent analyses may, however, be compared since 
they are both based on the same surface injection 
distribution. As would be expected, helium injection 
exhibits a much greater blocking action than does air 
injection (compare Rubesin’s curves to the present 


¢ = const. 
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analysis). The present analysis, however, exhibits a 
marked dependence on Reynolds number as the in- 
jection ratio increases, whereas Rubesin’s analysis 
does not. It was considered possible that this effect 
was introduced by the manner of defining the energy 
transfer g,. In Rubesin’s analysis,‘ since air-to-air 
injection was considered, g, was properly defined in 
terms of thermal conduction only, whereas in the pres- 
ent analysis, as a foreign gas is being added to the 
main fluid, g, is defined in terms of thermal conduction 
and mass diffusion [Eq. (48)]. A calculation was made 
to determine the thermal-conduction blocking action 
of helium injection defined by 


(1/he) (Adu, / Am») 


where g,, is the thermal-conduction energy transfer 
and is obtained from 


Jue = Pette(Cy,/2)hS(E + (Te/T.)] X 


T{ Cp, — np, Cp 7 
_ (D1) 
¢ Cr Cy 


The results (not shown in Fig. 5) indicate that the 
thermal-conduction blocking action from the present 
analysis is Reynolds-number dependent, becoming 
more so as the injection rate p,v, p.4, increases. At 
Re,-, = 10°, the thermal-conduction blocking action 
varies between 2.23, at an injection rate of 0.000260, 
to 2.98 at an injection rate of 0.001036; at Re,_,, = 108 
the thermal-conduction blocking action varies between 
2.35, at an injection rate of 0.000132, to 3.51 at an in- 
jection rate of 0.000444. 

It is concluded, therefore, that the present analysis 
indicates a Reynolds-number dependence for both 
the thermal-conduction blocking action and the ther- 
mal-conduction-plus-mass-diffusion blocking action 
(shown in Fig. 5). Furthermore, the results indicate 
that the blocking action arising from mass diffusion 
is of the same order of magnitude as the blocking action 
arising from thermal conduction. 

It should be noted that the present analysis is based 
on considering the injection parameter ¢ constant. 
Consistent with this assumption, the solution imposes 
a pointwise variation of the helium surface concentra- 
tion along the plate which can be determined from 
Eq. (14). For example, at the start of the turbulent 


region, where C), = Cy, Eq. (41) gives Ci, = 0.1177 
for ¢ = 0.5 and C,, = 0.4378 for ¢ = 2; at an infinite 
distance downstream, where Ci, = Cin, Eg. (41) gives 
Cio = 0.197 for ¢ = 0.5 and C,, = 0.785 for ¢ = 2. 


Eq. (41) is shown plotted in reference 3. 


Concluding Remarks 


An analysis has been presented for the distributed 
injection of a foreign gas into a compressible, turbulent 
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boundary layer on a flat plate. Calculations have 
been performed for the injection of helium into undis- 
sociated air, and show the effect of Mach number and 
Reynolds number on local shear and energy transfer. 

The results indicate a significant dependence of the 
skin-friction coefficient on Mach number, consistent 
with the experimental data of Pappas." Furthermore, 
the analysis exhibits the superior blocking action of 
helium injection when compared to the air injection of 
Rubesin.* However, the present analysis indicates, 
as the injection ratio increases, a marked dependence 
on the Reynolds number, whereas Rubesin’s analysis 
does not. 
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On the Nonexistence of Finite Critical Times 
for Generalized Linear Viscoelastic Columns 
With Arbitrary Initial Curvatures 


Harry H. Hilton 


Professor of Aeronautical Engineering 
University of Illinois, Urbana, III 


October 24, 1960 


IT A PREVIOUS PAPER Kempner and Pohle' have shown that a 
Maxwell 
The present note uses a different 


linear viscoelastic column of the type does not 
possess a finite critical time 
approach to examine columns of arbitrary initial curvature obey 
ing generalized, linear, compressible viscoelastic stress-strain 
laws 

For the sake of simplicity, consider a column at constant tem 
perature, simply supported at both ends, loaded by an axial load 


P, and with an initial curvature 
\ 
Ty W( £) > 6, sinnéE (lS NK », OSES w) 1) 
n l 


Let the column obey the general one-dimensional, compressible 
viscoelastic stress-strain law 


j wis at pi. ‘ 
,R + COA a; 3G Vie (2) 


where C G/K with K and G, respectively, the bulk and shear 
moduli and where 


? s 
YS afore DY 


m=0 m 0 


R+ CQ 


ri 


DS cm(O"/2/dt™) (3) 


m 0 
V= ) m b,,.(o™ /ot” (4) 
m=0 
The limit 7; equals r or s depending on whether r is respectively 


larger or smaller than s. 
In reference 2 it was shown that the solution for the lateral 
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deflection w of a column under the conditions assumed here and 
for P less than the Euler load P, can be obtained in the form 


y 
w= w¢t,t) >> W,£r(t) sin n& (5) 

n= 1 
where Wn = 6n[1 — an?) (6) 
with a,? = n?Pz/P. The functions g,(t) are determined from 


the differential equations 


'R — (a,? — C)o} }e,(t)} — bi b,a¢,? 


“ 


(? <= 2S: NN} 2) 


with initial conditions (except for the Kelvin body) on the 
functions g,(0) 1 and other initial conditions on the time de- 
rivatives of g, depending upon the particular stress-strain rela- 
tion. 

In general the solutions of Eqs. (7) will be in the form 


ri bb cen? 


gilt) z. A pn Xn! — : (8) 


p 1 ayo — (an? — Chk 


where \,,, are the roots of Q, obtained by substituting Eqs. (8) 
into (7) which results in 
’ 


DS am Qn” = (en? — C) YS bn Qi” = 0 (9) 


m=0 m=0 


(For repeated roots, the coefficients A,, in Eqs. (8) can be suit- 
ably modified to contain proper polynomials of ¢.) The be- 
havior of viscoelastic columns is such that the functions g,(t) 
physically represent the amplitude magnifications of the various 
harmonics over and above the elastic amplitudes w». 

The condition for creep buckling is defined in the usual man- 
ner—i.e., at the critical time, /.,, the lateral deflection w tends to 
infinity, or 

lim w(t,t) —~ «= (10) 

t—> ler 

Since w, are the coefficients of a series solution for an equivalent 
elastic column and since this series is known to converge for all 
P < Px, clearly the stability of w depends on the behavior of the 
functions g,(t). The limit of Eq. (10) can be reached if either 
any g,(t.,) increases without bounds or if the series of Eq. (5) 
fails to converge at t = fer. 

An examination of Eqs. (8), or their modified versions in case 
of repeated roots, shows that for any finite 7; all g,(t) are finite 
fort < ©. This means that a linear viscoelastic column having 
its initial curvature defined by a finite sum (NV < —) of the type 
given by Eq. (1) will always possess an infinite critical time for 
any Rand Q operators. 

Unfortunately, when N = «a 
must be described by an infinite sine series, the convergence of 


i.e., when wp is such that it 


the series cannot be readily tested for arbitrary values of the 
operators R and Q, since the coefficients A>, are different func- 
tions of m which depend on specific R and Q values. Under these 
circumstances the series must be examined for each combination 
of Rand Q. 

It can be readily shown that for the elementary linear visco- 
elastic stress-strain laws, such as those of the Maxwell body, 
standard linear solid, combination Maxwell-Kelvin body, etc., 
the functions g,(t) are such that series (5) converges absolutely 
and uniformly fort < © provided that 

lim |wn+1 /w,,| <3 
a—> © 
The latter inequality is always satisfied, since it is the condition 
for the convergence of the elastic solution which always holds 
for P < Pr. Consequently, in these cases for N = ©, there is 
also no finite critical times for linear viscoelastic columns. 


REFERENCES 
1 Kempner, J., and Pohle, F. V., On the Nonexistence of a Finite Critical 
Time for Linear Viscoelastic Columns, Journal of the Aeronautical Sciences, 
Vol. 20, No. 8, pp.572-573, August 1953. 
2 Hilton, H. H., Creep Collapse of Viscoelastic Columns With Initial Curva- 
tures, Journal of the Aeronautical Sciences, Vol. 19, No. 12, pp. 844-846, 
December 1952 


AUGUST 1961 
The Limitations of the Hydraulic Analogy 


E. V. Laitone 
Professor, College of Engineering, University of California, Berkeley 
October 24, 1960 


Ks when restricted to very small potential variations, the 
nonlinear hydraulic analogy to a perfect-gas flow will be 
shown to be limited to the simple case of a liquid in a rectangular, 
constant-cross-section channel, corresponding to a fictitious gas 
having a specific-heat ratio of y = 2. For example, it is proved 
that a triangular cross-section channel does not provide the non- 
linear analogy corresponding to a specific-heat ratio of 4 1.5, 
even for the simplest case of unsteady one-dimensional flow. 

Finally, it is pointed out that when larger perturbations are 
involved, the second approximation to shallow-water theory 
completely invalidates any hydraulic analogy by allowing the 
formation of finite-amplitude waves that are propagated without 
a change in shape or form. This is in direct opposition to the 
equations of gasdynamics, which predict that all finite-amplitude 
waves must form a discontinuity or shock wave. The simplest 
of these finite-amplitude, permanent water waves are the soli- 
tary wave of Boussinesq and Rayleigh, and the cnoidal waves of 
Korteweg and de Vries. 


ANALYSIS 
The equations generally used in deriving the hydraulic analogy 
to a perfect-gas flow are approximate relations that are satis- 
factory only for a flat horizontal-bottom channel with nearly 
vertical side walls. For example, the equations used by Bryant! 
and Loh® * for unsteady one-dimensional flow may be expressed 
in the form 


H, + (uH), = 0 (1) 
up + uu, = —gHhy (2 


where H = h + nis the total local water depth as shown in Fig. 1 
Now we will first prove that Eq. (2) is valid only for a horizontal 
bottom, and then we will show that both equations are valid only 
for nearly vertical side walls. 

The correct Eulerian equations for assumed one-dimensional 
flow over a nonhorizontal bottom were derived by Stoker, 
also by Wehausen and Laitone,} in the following form: 

ne t+ [u(h + n)], = 0 (3) 

uy, + uUuy = —px/p = —£nx (4) 

where, as shown in Fig. 1, 7 is the change in height of the free 

surface and h is the local depth of the rigid bottom below the 

undisturbed free surface. Since H = h + y, it is immediately 

evident that although Eq. (1) is satisfactory for any rigid bottom, 

Eq. (2) is valid only for a horizontal bottom because it is only 

the variation in y (the water height above the undisturbed free 

surface) that produces the unsteady flow variations. That is, 
we must write the assumed hydrostatic-pressure variation as 


P(y 2t) = egln(xt) — 2) 


Px/p = gny = gH, — ghy (9) 


oO 








Fic. 1. Surface waves over a general rigid bottom. 
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The much simpler behavior of Eq. (2), as compared to the 
correct Eq. (4) for a nonhorizontal bottom, is demonstrated by 
Stoker,‘ and by Wehausen and Laitone,> by introducing the 


equivalent of the speed of sound, namely, 
c= VgH = Vg(h +n) (6 


and then showing that although the characteristic curves are 
given by (« + c) for both sets of equations, an important dis- 
tinction is created by the fact that the Riemann invariants do 
not even exist for the general case of Eqs. (3) and (4), whereas 
they are always given by (uw + 2c), the same as in the nonsteady 
one-dimensional gasdynamic case, for Eqs. (1) and (2). Stoker,* 
also Wehausen and Laitone,’ have shown that the Riemann in- 
variants exist for Eqs. (3) and (4) in the form (a + 2c — ghyt) 
only if the bottom slope fy is constant. Consequently, the be- 
havior of the correct Eqs. (3) and (4) is much more complicated 
than the approximate Eqs. (1) and (2) unless the bottom slope 
is negligible. If the bottom slope is adjusted to balance the 
frictional drag for uniform flow, the subsequent variation in water 
depth must remain very small 

More important for most applications is the fact that all of 
these equations are restricted to channels having nearly vertical 
side walls 
rigorous first approximation to shallow-water theory, * which shows 


This is explained more readily by inspection of the 


that the exact continuity equation 
uy try +w, = 0 (7) 
reduces in the first approximation to 
ne t+ [u(h + n)]y + [vo(h + n)]y = 0 (8) 


not because « 0 (as assumed by Bryant!'), but only because 
the direct dependence of w on hy and hy, (through the exact 
boundary conditions on the rigid bottom) may be used to elimi- 
This indicates that v can never 


nate was a variable in Eq. (7). 
be considered to be a negligible quantity unless hf, is negligible 
and the side walls are vertical. It is also important to note 
that even though w does not directly appear in the final equations 
of the shallow-water first approximation, it still has a finite 
magnitude 

This exact shallow-water result, proving that w ~ 0, and that 
? is not negligible in magnitude unless h, itself may be considered 
negligible, is also verified by the classical infinitesimal-wave 
or small-disturbance approximation. For example, in Lamb*® 
(pp. 447-450) the classical infinitesimal-wave solutions are given 
for small disturbances in two triangular cross-section channels 
and it is found that the disturbance potential depends directly 
upon the slope of the sides (4,) to the order of (h/d)?, where dX is 
the wavelength of the disturbance, and both v/u and w/u have 
a finite magnitude of the order of (h/X). The profiles of the 
waves have a severe dependence upon y at the sides of the channel 
and the propagation velocities of all but the longest wavelength 
disturbances are directly dependent upon the magnitude of hy. 
These results are contrary to the assumptions and results of 
Eqs. (1) and (2), which yield no dependence on y or Ay. For 
example, Bryan! and Loh? find that any triangular cross section 
has the same propagation velocity (corresponding to a specific- 
heat ratio of y = 1.5 in the assumed hydraulic analogy ), and the 
wave profiles have a uniform height independent of y, a result 
that could only be approximately true for nearly vertical side 
walls and very long wavelength, extremely-small-amplitude dis- 
turbances which correspond to linearized theory. 

The direct and deleterious effect of finite-amplitude dis- 
turbances upon the hydraulic analogy is proved by Wehausen 
and Laitone’ (pp. 701-714). The second approximation to 
shallow-water theory shows that now finite-amplitude waves 
can be propagated without a change in shape or form. These 
are the solitary wa~e of Boussinesq and Rayleigh, and the cnoidal 
waves of Korteweg and de Vries (also, see Lamb,’ pp. 423-427). 
These permanent finite-amplitude waves completely destroy the 
hydraulic analogy, since the equations of gasdynamics always 


* E.g., see Wehausen and Laitone,® pp. 466-468. 
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predict that any finite-amplitude disturbance must degenerate 
to a finite discontinuity 

The higher approximations of shallow-water theory, which are 
given by Wehausen and Laitone,® show that for a constant- 


rectangular-cross-section channel 
w/V gh ~ (n/h)3!? uzjn/V gh ~ (n/h)? (9 


and even more important, it is found that the pressure variation 
is no longer hydrostatic when terms of the order (n/h)? are con- 
sidered 
amplitude effects are even more severe for sloping channel walls 


Experimentally, it has been shown that these finite- 


which produce a strong dependence on y, and may even form 
large vortices with asymmetrical flow at the sloping walls 
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On the Torsion of a Beam of L-Shaped Cross 
Section 


Howard E. Brandt 
Massachusetts Institute of Technology, Cambridge, Mass. 
October 13, 1960 


i pe GALERKIN METHOD is here applied to determine the stress 
field, displacement field, and torsional rigidity for an L- 
shaped beam subjected to pure torsion. Prismatic bars of vari 
ous cross section have widespread application in aeronautical 
engineering. The solutions for several types of beams have been 
presented in the Journal of Aerospace Sciences.!~* This paper 
is a further contribution to torsional phenomenology 


Mathematical Formulation of the Problem 
The Prandtl stress functions will be employed in the solution 


of this problem: 


¥(x, ¥) = > A mnn(Xx, ¥), (m = 1,2, ,n (1) 


and the Galerkin form of the problem becomes 


ff [V2y(x, vy) + 2]n(x, y)dS = 0, 


§ 
Am are constants satisfying Eq. (2); and n, are coordinate func- 
tions which are to be found such that 
WT) = 0 (3) 


where I is the boundary of the beam (Fig. 1), and S is the domain 
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of integration. 

A function, ¥(x, y), must be determined which satisfies Eq. (3). 
Solving the Dirichlet problem is considerably complicated in the 
case of nonconvex polygons. The usual approach, when con- 
structing y, in order to take into consideration a re-entrant angle, 
is to introduce moduli, and to assign the function piecewise in 
different parts of the region.? In the present paper this diffi- 
culty is circumvented by representing the boundary along the 
coordinate axis by an exponential function whieh decays very 
rapidly and is pragmatically equivalent to the actual L-shaped 
boundary. This boundary is represented by 

o(x, y) =y — he-** = 0 (4) 


where hf is the dimension indicated in Fig. 1, and K is a constant 
chosen such that 

he-®= a0 for0 <x <l (5) 
The first approximation, which is satisfactory for engineering 
purposes as illustrated by StaniSi¢, will be used because of limita- 
tion of space.? In order that ¥(x, y) vanish along the total 
boundary, I, it must clearly be of the following form: 
Kr) (6) 


W(x, y) = Ail(x — 1l)\(x + Py + Q\y — hy — he 


where A; is a constant of first approximation. Then Eq. (2) 


Ss [AiV2m(x, vy) + 2) n(x, y)dS = 0 (7) 
s 


m(x, y) = (x — I(x + Py + gy — Aly — he-*) 


becomes 


where 


Solving for A; yields 


1 ffhe Kr eh 0 
f f m(x, v)dydx + { f m(x, v)dxdy 
gwen —9 -—~tr =>) . 
= 1 fhe Kr 
f, / [V2m(x, y)|]m(x, y)dydx + 
I —q 


Pa Oo 
f f IV2n(x, y)]m(x, v)dxdy 
—qJ —p 


Thus the Prandtl stress function, y(x, y), is uniquely determined- 


The torsional rigidity is given by 


| (he-Kr h 0 
D = 2G Lf f ¥(x, y)dydx + f ix, ¥ dvdy | (9) 
OJ-¢d —qJ —p 7 : 


where G is the shear modulus. 
The stress tensor is given by 


Ay (8) 


, WWx, y 
0 0 Ga sae y) 
oY 
. Wx, v) 
[7;;] 0 0 —Ga v : (10) 
Ov 
, OYv(x, y) , W(x, y) 
Ga = —Ga = ( 
ov Ox 
where a@ is the twist per unit length. 
The displacement field is given by 
“Eye 
“u; = axe (11) 
aF(x, y) 
where 
2 P(x,y) of(x, y) Of(x, Vv) 
F(x, y) = dx — dy (12) 
Po(x0,¥0) oy Ox s 
and 
° l ° 9 
f(x,y) = W(x, y) + 5 (x? + y¥*) (13) 


The stress and displacement field are uniquely determined. 
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Downstream Effects of Transpiration Cooling* 


Richard P. Bernicker** 
Naval Supersonic Laboratory, Massachusetts 
Institute of Technology, Cambridge, Mass. 


November 14, 1960 


SYMBOLS 


F = wall injection parameter, [(p7)w/(pm)-.0] VV Re 
K = constant in Eq. (1) 

Re = Reynolds number = (p,%-x)/u, 

T = temperature, °R 

x = distance along nozzle contour surface 

x? distance parameter, (x — xj)/(x0 — xi) 

6 = wall cooling parameter, (Tw — T-)/(Taw — Te) 


(pv)w = mean injection mass flow per unit area 
(pu) = mainstream mass flow p:r unit area 


Subscripts 


( )o = refers to injection cut-off point 

( )i = refers to start of injection 

( )aw = adiabatic local wall conditions under zero injection 
( De = refers to coolant supply conditions 

( )* = refers to sonic conditions 

(de = refers to local external free stream conditions 


A“ EFFECTIVE MEANS for protecting surfaces exposed to high- 
energy gas streams is to inject small quantities of a rela- 
tively cold gas through a porous wall into the boundary layer. 
This mass-transfer cooling effect manifests itself in two distinct 
ways. First of all, the injected or coolant gas can absorb a con- 
siderable quantity of heat as it passes through the wall and 
undergoes a temperature rise from the supply temperature to 
the wall-surface temperature. Secondly, injection from the 
surface alters the boundary-layer behavior in such a manner as to 
reduce the heat transfer to the wall. This ‘‘blanketing’’ effect 
upon the boundary layer continues to protect the downstream 
areas of the surface whether or not they are porous. Hence 
transpiration cooling may be applied in the region of severest 
heating; say the nose of an axisymmetric body or a rocket- 
nozzle throat, with the residual effect of the cooled boundary layer 
protecting the solid surface downstream of the porous section. 
Such upstream transpiration cooling has been investigated ? 
for the zero-pressure-gradient case with air and helium as cool- 
ants, with major interest centering on the decay of the cooling 
effect with increasing distance downstream of the injection 
section. 

This note summarizes the findings of an experiment’ in which 
the effect of partial porous-wall injection upon the downstream 
portions of a two-dimensional supersonic nozzle was investigated. 
Two such nozzles were built, each containing the porous injection 
strip in a different region of the subsonic portion of the nozzle. 
The nozzle contour was well insulated and the area downstream 


* This research was supported by the USAF under Contract AF49(638) 
245, monitored by the Air Force Office of Scientific Research of the ARDC 
** Presently, Stevens Institute of Technology, Hoboken, N. J 
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Fic. 1. Injection effect upon downstream surface temperatures. 
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Fig. 2. Surface-temperature distributions for several injection 
rates 


Fic. 3. Correlation of test results 


of the porous section instrumented to determine the effect upon 
local recovery temperatures. Both air and helium were used 
as coolants, with the total flow rate of coolant metered and con- 
trolled through calibrated sonic orifices and diaphragm valves. 

Tests were run with tunnel stagnation temperatures of 600°, 
720°, 900°, and 1,200°R, corresponding to coolant supply to 
tunnel stagnation temperature ratios in the range 0.45-0.90 
Coolant specific-mass-flow rates, (pv’)., were set at several levels 
up to a maximum of 1 percent of the mainstream mass flow at 
the throat, ( pu), 

Fig. 1 illustrates the reduction in recovery temperature from 
the zero-injection case (normal adiabatic wall conditions). Indi- 
vidual data points have been omitted from Figs. 1 and 2 but are 
shown in Fig. 3. As the injection rate, F, is increased, the ef- 
fective amount of cooling diminishes in the downstream direc- 
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tion. The wall cooling parameter, 6, reduces to unity for all sta- 
tions along the surface when the injection rate vanishes, and 
corresponds to the local adiabatic wall temperature at each Mach 
number down the nozzle. For a given fixed value of F, some 
reduction in wall temperature was noted at the farthest-down- 
stream thermocouple station at the exit plane of the two-dimen- 
sional 1 = 2.75 nozzle. The decay of the cooling effectiveness 
with distance is illustrated in Fig. 2, where the variation in 6 
with distance for fixed values of F is shown for both air and 
helium injection. Results from both Figs. 1 and 2 indicate the 
superiority of helium over air for this mode of cooling, and con- 
form to theoretical predictions.? 

In attempting to correlate test results for the two nozzles under 
varying injection conditions, the decay of @ with distance ( Fig. 2) 
was plotted on a logarithmic scale (/n @ versus /nx*) and the re- 
sulting slopes were found to be straight lines on a log-log plot 
against F. The results indicated @ to be proportional to a power 
of x*, the exponent itself being separable into a product of 
coolant and injection-rate contributions. The final correlation 
is shown in Fig. 3, where test results for both models can be in 
cluded within a bandwidth of +15 percent for each coolant used 
Thus, for a fixed value of the injection rate, 

@ ~ (x) Kore" (1) 
in which the injection-rate exponent is identical for both air and 
helium injection and both models. The constant A, differs for 
each coolant gas. 

Analysis! has indicated that the expression for @ as a power 
function of the downstream distance will include a function of the 
injection rate. The case treated therein is concerned with air 
injection through a flat plate, and the Prandtl number is taken 
to be unity. Hence, exact correspondence with the empirical 
expression determined above cannot be expected. However, the 
results of Ref. 1 can be correlated approximately by an expres- 
sion of similar form to that determined for the present experi 
ment, the difference lying in the values of the constant A, (which 
must presumably be a function of both coolant and pressure 
gradient) and the injection-rate exponent (which present results 
indicate to be solely a function of pressure gradient). Com 
parison of results for the two coolant mediums at the same in 
jection rate indicated a larger decrease in recovery temperature 
for helium than for air and, in addition, a persistence of the 
insulating effect for a greater distance downstream with the 
helium injection 
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Further Comments on ‘‘Mach-Line 
Determination for Air in Dissociation 
Equilibrium”’ 


Andrew G. Hammitt 


Head, Aerodynamics Research Section, 
Space Technology Laboratories, Inc., Los Angeles, Calif 


November 17, 1960 


SNHE PURPOSE of this note is to correct the misconceptions 
introduced by Heyman! and Knuth? concerning the speed 

of propagation of a shock wave under the limit of zero density 
change. The impression is given by Heyman that such a shock 
wave in an imperfect gas travels at a different speed than 


V(0p/Op),. Knuth suggests that while a Mach wave travels 
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at V (dp, Op), there may be an additional shock wave with zero 
density change traveling at a different speed. These conclu- 
sions are incorrect. It may be shown by use of the conservation 
equations alone, for all equations of state, that a weak wave 
travels with the velocity V(dp/ Op), and that this is the only 
zero-density-change wave possible.* 

The question then arises where the analyses presented! are 
in error. The quadratic equation for density! is correct: 


2 1 
(“) a (x. + (1 ¥ )] 
p2 q yM\? p2 
3 (: + = Q (1) 
a K,JyMe]~~ ' 


If this equation is now linearized about conditions at 1, sub- 
stituting p2 = p: + Ap and Ky = K, + AK the following equa- 
tion is found: 

(Ki — 1 + [(Ki + 1)/yM?]} Ap/p. + 

(1/yM\?)(AK/Ki) = 0 (2) 
A relation between Ap and AK is required and the one given? for 
isentropic flow may be used: 


AK/K, = [(y — 1) — Kily + 1)]Ae/p (3) 

Using this relation to eliminate AK, the equation becomes 
(K, -—-1\1- 1/ M,?)Ap/pi = Q (4) 
This equation is satisfied for Ap = 0, the case of no change, which 
can occur at any Mach number: J/, = 1, the case of a wave 
of near zero strength; or K = 1, corresponding to a very un- 


realistic equation of state. 

The error in Heyman’s solution! is in not expressing Ke as a 
function of p2. He effectively assumes K2 independent of p2 and 
his result is correct for this case. If Kez is independent of p2 Eq. 
(3) shows that K = (y — 1)/(y + 1), which reduces Heyman’s 
result to a wave traveling at a speed of V(dp/dp)s. However, 
this result cannot be used for air under the conditions shown 
in Fig. 2.! 

Knuth’s error? is more complex. He has linearized the solution 
to Eq. (1), found without expressing K» as a function of ps, and 
retained only first-order terms. It can be shown that solutions 
found in this way cannot be used to recover the original equation 
to the order of Ap/p:. 

However, this whole analysis is needlessly complicated, since 
the classical derivation using only the conservation equations 


is sufficient. 
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Author’s Reply 


Roy J. Heyman 
Research Dept., The Martin Company, Denver, Col. 
December 5, 1960 
FTER REVIEWING Dr. Hammitt’s note I must conclude that 
he is correct. As he states, merely from conservation of 
mass and momentum one may derive 
v? = (Op/dp), 
or M;? = 1 
while if we consider an oblique wave we arrive at 
sina = 1/M 
independent of the state of the gas. 
The same result may be obtained in a much more cumbersome 
fashion, as Hammitt notes. Linearizing the quadratic equation 
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for the density ratio, we may derive Hammitt’s Eq. (2); solving 
for Mj, we obtain: 
M,? = (K; + 1)/y(1 — Ki) + [1/71 — Ki) )(AK/K,)( pi/ Ap 
From the isentropic relation between Ap and AK as given by 
Knuth 

(AK/Ki)(pi/Ap) = (vy — 1) — Ki(y + 1) 
or M2? = (Ki + 1)/y(1 — Ki) + [4 — 1) -— 


which reduces to /,? = 1. 

I believe that the error has resulted from an improper limit 
process, performed by both Knuth and myself upon the solution 
to the quadratic with the failure to retain terms of the order of 
(Ap)?, (AK)?, (ApAK), etc., under the radical. The correct 
results may be obtained if the terms are properly retained, but 
as Hammitt has observed, the analysis is needlessly complicated 


Author’s Reply 


Eldon L. Knuth* 

Associate Professor of Engineering, 
University of California, Los Angeles, Calif. 
Januaiy 26, 1961 


HE AUTHOR agrees with Hammitt! that, for all equations of 
yj peung the only zero-density-change wave possible is a Mach 
wave. The author feels obligated to the reader, however, to 
discuss more completely the source of the error introduced by 
Heyman? and retained by Knuth,* and to provide a correct ex- 
pression for the density change across a weak disturbance in a 
real gas. 

If one applies the quadratic formula to a ‘quadratic’ equation 
with coefficients which are functions of the variable, then one 
obtains, in general, four values of the variable, two of which do 
not satisfy the ‘‘quadratic’’ equation. (If the coefficients are 
functions of the variable, then, since the variable may have one 
of two values, the coefficients may have one of two sets of values. 
If the coefficients may have one of two sets of values, then, since 
the quadratic formula includes a + sign, one calculates four 
values of the variable. The two extraneous values may be 
identified by substituting into the original ‘‘quadratic’’ equa- 
tion.) For real gases, the coefficients in the ‘“‘quadratic’’ equa- 
tion for density ratio given by Heyman are functions of the 
density ratio, and the density ratios found using the negative 
sign in Heyman’s Eq. (5) are found to be extraneous. Conse- 
quently, all conclusions regarding real gases reached by Heyman 
and Knuth using the negative signs are invalid 

For perfect gases, K = (y — 1)/(y + 1), the coefficients ap- 
pearing in the quadratic equation are constants, and the two 
density ratios found using the quadratic formula are both roots 
of the quadratic equation. This situation accounts for the fact 
that the extraneous density ratio retained by Heyman and 
Knuth reduced (unfortunately, perhaps) to an expression valid 
for the case of perfect gases when K was set equal to (y — 1)/ 
(y +1). 

If one chooses to analyze the propagation of small disturbances 
in real gases using the integrated equations given by Heyman, 
then one may substitute expressions for p2/p;, p2/pi, and K2/Ki 
into (a) the expression obtained using the quadratic formula and 
the positive sign, or (b) the ‘“‘quadratic’’ equation, or (c) the 
normal-shock relation—i.e., Heyman’s Eq. (4). Terms up to 
and including second-order terms in Ap/p; must be retained, 
however, in order to extract both roots. The author finds it 
most direct to substitute into the normal-shock relation—i.e., 


to substitute into 
(p2 — pi)/pr = yiAh*(p2 — pi)/p2 
from 


p2 = pi + Ap 


* The author appreciates the valuable technical discussions with Dr. A 


G. Hammitt during the preparation of this reply to his comments 
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_ Op 1 O*p F 
bo = fi + Ap + =| (Ap)? 
Op's 2 Op?'. 
Op yipi 
Ops pi 


0*p yipif ln 4 
-| = = +n-!1 
Op*'s pi? \Oln ps 


to obtain 


A Oln 4 Ap \2 
(M2? — 1) — mo t+ E 
pi Oln p, Pp) 


One root 
Ap/pi = V0 (1) 
corresponds to the case of no disturbance. The other root 
Ap/p, = 2(Mi? — 1)/[y1 + 1 + (Oln y/O In p);] (2) 


describes the density change across weak disturbances in real 
gases. It indicates that a zero-density-change wave is a Mach 
For perfect gases, 7 is constant, and the latter equation 


wave. 1 


reduces to 
Ap/p = 2(M,? — 1)/(y + 1) 2’) 


in agreement with results found in gasdynamics texts. 
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Pressure Drag for a Sphere at Extreme Speeds 


S. Lampert 

Manager, Aeromechanics, Dept., 

Aeronutronic, A Division of Ford Motor Company, 
Newport Beach, Calif. 


November 1, 1960 


r WAS SHOWN in V. C. Liu’s article! that the drag coefficient of 
a sphere traveling at Mach numbers for which the vibrational 
and dissociative degrees of freedom are activated could be ap- 
proximated as 


Co = 2/(ve + 1) — 4/[(ve + 1)Mi2] +2/(nM2) (1) 


In general, the isentropic exponent is a function of both the local 
entropy and pressure as shown in Fig. 1 and, therefore, will vary 
with Mach number. For sea-level conditions the static pressure 
P» behind a normal shock is proportional to \/,?, or for MM, > 8 it 
is roughly established that P. varies from order 10? atmospheres 
at @ = 0 to l atmosphere as@— 7. For the range 8 < M, < 20 
it may be shown that 30 < S/R < 40.2% Hence, from Fig. 1 
it appears that for a given S/R in the range indicated, 1.16 < 
ye < 1.24, and a more appropriate value for 7, might be 1.2 rather 
than 1.15.!. Further, if the equations given in Ref. 1 are in- 
tegrated, the sign of the second term in Eq. (1) is positive. 
Using the average value 7, = 1.2 and correcting Eq. (1), one ob- 
tains Cp & 0.95. 
If tables of gas properties which exist for air’ are used and the 
modified Newtonian flow introduced‘ 
(P — P,)/P. = [1 — (P:/P:,)] cos? © (2) 


where P;, ~ total pressure behind shock and P; ~ free-stream 
static pressure, then to first order for M, > 10 


(P — Pi)/m = 2}[1 — (1/2K)] - 1 (y:42)} cos? @ (3) 
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Here, K is proportional to the density increase across the normal 
shock. If the streamwise component of Eq. (3) is integrated over 
the streamwise hemisphere of the sphere,! and the base drag 
added, 

Cp = [1 — (1/2K)] + 14h?) (4) 
for M, = 10, K ~ 9, and Cp = 0.952. It can be shown? that 
over the range 10 < MM, < 20 at sealevel 9 << K < 12. If 1 
(+14?) is neglected, then 


0.945 < Cp < 0.958 (5) 
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_— NOTE contains a discussion of equations in the Donnell 
and Vlasov forms, which are applicable to the bending of 
orthotropic circular cylinders. 

A circular cylinder, with radius a, is oriented so that its axial 
coordinate x and its circumferential coordinate @ coincide with 
the principal directions of orthotropy. In this coordinate system, 
the relation between stress and strain components can be repre- 
sented by the following equations: 


or = Drier + Dieg (la) 
og = Doeg + Diez (1b) 
org = Gerg (1c) 


where D,, Dg, Di, and G are four constants needed to characterize 
the elastic properties of an orthotropic material in plane stress 
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Let u, v, and w be the displacement components along axial, 
circumferential, and radial directions, By the 
theory of Love’s first approximation!? the relations between 


strains and displacement components for a circular-cylindrical 


respectively. 


shell are given by 


e, = (0u/Ox) — 2(0*w/dx?) (2a) 
1 fo Zz v O*w 

& = a See (2b) 
a \O@ a? \d@ Od" 
1 Ou ov 22 fov rw 

co = i _ + (2c) 
a Oo Ox a Ox Ox0g 


By substituting Eqs. (2) into Eqs. (1), stress components can 
be expressed in terms of displacements, and they are integrated 
through the thickness of the shell to obtain the following stress 


resultants (membrane forces) and stress couples (bending 


moments) per unit length of the normal sections of the shell: 


F h/2 Ou D, [ov 
N, = o-dz =h | D, + — Ww (3a) 
—h/2 Ox a Op 
h/2 D Ov Ou 
Vy = f o,gdz =h ° ( = «] + Dd; (3b) 
—h/2 a Od Ox 
se is 2 1 rlG 1 Ou 4 Ov 3 
m= - Org 42 = Nl 7 — ae (3c) 
Ph/Z hi =w dD, ov O*w 
M, = J o,sds = — D, + — ao 
—h/2 12 dx? a? \dd 0? 
(3d) 
eh/2 h? | Dg fov Oru O*w 
My, = f og csdz = — > } + D, 
h/2 12] a? \d¢ 0¢* Ox? 
(3e) 
fs hs 
Meg = —Mg: = Org 243 = 12 4 
oe =h/2 = 


2G/ ov O*w 
aa — (3f) 
a \ Ox 0x0 
where h is the thickness of the shell. 


Substitution of Eqs. (3) into force- and moment-equilibrium 
equations’ gives the equilibrium equations in terms of displace- 
ments for circular cylinders in the form 


Oru G O*u dD, + G O77 dD, WwW 
= ae - - =() (4a) 
or D, Og? Dr, 0&0 D, o€& 
D, +G Orn G y Dy O% Dg Ow 
a: —— =() (4b) 
D, Odd D,; o€? D, 0oO¢? D, % 
D, ou . Dg ow Dg h? ga? 
+ — w— (Vow) = — (4c) 
D, ot D, O° dD, 12a” hD, 


where £ = v/a, g = q(é, ¢) is the load intensity in radial direction 
and 
Oo! 2(D,i + 2G) 04 Dg 0o* 
v= +4 —~—_ 4 © (5) 
o#! D, 0f70¢? Dz Op 


Uncoupled equations for uw and v can be obtained in terms of 





' > 


+ ih 


id AD, 


‘1 sa _ mrt . nro 
g(é,@) sin - sin did 
J0 0 FS o1 


— D,? — 2D,G) m? n? 


ph? | m! 2(D,; + 2G) m? n* Dg n* m* (D,Dg 
: : + i + 

1202 £4 D, £1" gi? D, o14 é,4 

As a second example, a circular cylinder, bounded by = 0 and & 


v=wz=N,= 


AEROSPACE 


Mz = 
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w from Eqs. (4a) and (4b) in the form, 


D, ow Dg 8w 
Viiu = —-— = = (6a) 

D, o€ D, 0&0¢? 
9% Dg fw D.Dg — D;?— DG dw ™ 

1 ¢ 
D; ae? D.G dE (0b) 
where 
V,4 = of ‘ D,Dg — D;*? - 2D1G o* _ Dy . 
= : 5 7) 
£4 D.G 0£0¢? D, oO! 


Now, operating with V,4 on Eq. (4c) with g = O, and using 


Eqs. (6), the following equation is obtained: 


h? (D,Dg — D,?) ow 


VV Aw = () ' 
32 | Vitw] + D2 or (5 


12 
Eqs. (6) and (8) are similar to Donnell’s equations‘ in isotropic 
cylindrical shells. A displacement function F can be selected 


such that displacements u, v, and w are obtained as 


Dg O8F D, O8F 
“=D, d€06? Dz dé (9a) 
Ds F —D,Dg — Di? — DG 0*F 
Ti se ita D, o> D.G dea (9b) 
w= —V\'F (9c) 


With this type of function F, it can be seen that Eqs. (4a) and 
(4b) are satisfied automatically and Eq. (4c) gives 


h? (¢:Dg — D,*) O'F qa? 
Vo'ViSF =— ) 
ag: (VeVatF] + D,? oe im ** 


This equation is similar to Vlasov’s equation® in isotropic cylindri- 
cal shells. By using Eqs. (9), stress resultants and stress couples, 
given by Eqs. (3), can be put in terms of displacement function 
rr. if 
E Ev : E(1 — v) 
Dz = Dg = Dp, = —, and G = 
(I — 9*) (1 — v*) 2(1 — v*) 
Donnell’s and Vlasov’s equations are obtained from Eqs. (6) 
(8), and (10), respectively. 
As a first example, a portion of a circular cylinder, bounded 
by & = 0, = &, @ = Oand ¢ = @ is considered with radial load 
distribution g and boundary conditions 


v=w = WN, = Mz =0 alongé = Oand &, (lla) 
u=w = Ng = My =0 along ¢ = Oand ¢ (11b) 
Conditions (11) imply that the function F has to satisfy the 
conditions 

0? F O'F OF 
F= = = — = Qalongt = Oand & (12a) 

of? o£! of 

; °F o'F OF 
fua— = = - = (along ¢ = Oand g@ (12b) 

o¢? o¢* o¢* 


The function F is taken in the double trigonometric-series form 


. mre . nro ; 
A mnsin sin (13) 


m=I1n=1 $1 1 
which satisfies conditions (12) and the homogeneous part of Eq. 


(10). The constants A, are given by 


(14) 


a Dy n*] | (DyDz — D;*) m‘x*\ 
£1? gy? D; oi! D,* £4 f 


= £ is considered with radial loading g and boundary conditions 


D.G 


(15) 


0 along — = O and &, 
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Here displacements, forces, etc. must be periodicin¢. The function F can be taken as 


oc ox 
. . mrt, ; ' 
F= > > sin {A mn COS N@ + B,, » Sin n@ 16) 


(6a) 
m=liln=0 &i 


where the constants 4,,,, and B,,,, are given by 


(6b) 
2 a* 
A, 
wk, hD, 
™ - r 7 . mrt 
(4) g(é, @) sin — cos nodid@ 
J 0 —f $1 7 
° 4a) 
using 1 lots 2D, +26) es  . De m‘x* (DzDg — D,? — 2D:G)m*x? . Dg (D,Dg — D,*) mitx*| 
x “sg n‘ + : — —? = n + P 
(12a? L &4 D, f)? Dz t4 D.G i? D, D £4 | 
] 2 
(2) » w= a 
rt, hD, 
tre pic , “ 
as ™ r . mrt, 
lected g(é,o) sin — - sin nodidd 
) —7 $1 - 
: : I7b) 
6 At Tmts* AD, +26) mts* Dy m‘x* (D,Dg — D,;? — 2D\G) m*x? . Do (D,Dg — D,*) m‘x*| 
(9a) 2 T "elie 2 n‘ - : —— 4? + nt] +4 s : 
m )12a?L &4 D, é,? D: E4 DG i? D, D,? if f 
REFERENCES 
(9b) 
Naghdi, P. M., A Survey of Recent Progress in The Theory of Elasti 
(9c) Shells, Applied Mechanics Reviews, 365, Vol. 19, No. 9, Sept. 1950 
F 2 Love, A. E. H., A Treatise on The Mathematical Theory of Elasticity T. = wall temperature 
; m4S -er Publicati New Y 94-¢ . . ° * 
) and ith Ed , p. 543; Dover Pu slications, Ne v York, 1 toi . @ = exponent in viscosity-temperature formula 
3 Timoshenko, S. P., and Woinowsky-Krienger, S., Theory of Plates and 
Shells, 2nd. Ed., p. 514; McGraw-Hill Book Co., Inc., New York, 1959 It is this parameter which is significant in the discussion to follow 
(10 ~ yng ody Pe a Le Se ee PY ee The procedure referred to® correlates a variety of data from 
) TR 479, 193: . . ° . . es 
Viasov, W. S., Allgemeine Schalentheorie Und thre Anwendung in der bodies with walls near adiabatic recovery temperatures To 
indri- Technik, p. 257; Akademie-Verlag, (German trans. by A. Krom), Berlin, support an extension to highly-cooled-wall cases, it is necessary 
wiles 1958 to offer further evidence. One example of this appears in Fig. 1, 
atheis where the Reynolds number of transition, Re;, calculated on the 
basis of Ref. 6 with the further refinement referred to above, is 
+ ‘i : > 
compared to typical experimental data from Ref. 2 
’) To arrive at specific numerical results in Fig. 1, it was necessary 
2) P to extrapolate the experimental curve arbitrarily for k = 0 t 
The Relation Between Wall Temperature and rst ese bese Aang i dae 
5 wall-to-ambient temperature ratios J , somewhat below th 3 
(6) the Effect of Roughness on Boundary-Layer ' Ages mee 
T ci * tested with roughness elements. Obviously this cannot be done 
ransition ; : 
iia with even crude accuracy, but the effect of erroneous extrapola- 
aec ° ° ° ° ° 
= tion would be quantitative, not qualitative, and it would not 
load J. Leith Potter and Jack D. Whitfield a : sft re . 
“tele change the 7,,/75 ratio for which transition is estimated effec 
von Karman Gas Dynamics Facility, ARO, Inc., dude end ' de 
Tullahoma, Tenn. ively at the roughness element. 
It should be noted that only single, two-dimensional roughness 


11a) November 14, 1960 


IIb) elements are considered in Fig. 1. For very low temperature 
4 pe EXPERIMENTALLY DEMONSTRATED! ~? rise and subsequent ratios, the small but finite roughness due to manufacturing 

fall of transition Reynolds number with decreasing wall-to- limitations, handling mishaps, and frost formation would become 
ambient temperature ratio has been the subject of two recent significant near the stagnation region where boundary-layer thick 
notes.45 In both cases it was argued that the increased effective- ness is small, This cannot be accurately accounted for, but 
12a) ness of roughness due to wall cooling was not sufficient to ex- 
plain the transition-reversal phenomenon on nominally smooth 
bodies. In one case, the criterion for transition reversal was 


the 


undoubtedly would encourage the reversal phenomenon 
Attention is directed to Table 1, which is based on Fig. 1 





12b) 


taken to be Re, > 600, and in the other values of Re; as low as Sam @ 
100 were considered in an effort to be conservative. The param- ; : 
— eter Re, is a Reynolds number formed from velocity and kine- Rex for Trans 
; matic viscosity based on calculated conditions at the height of Roughness Ret = Reversal * Roughness, 
(13) roughness element & in the undisturbed, laminar boundary layer k sou ll Caled. Exp . alculated 
; at the station of roughness location. The present note is sub- 0.0005 30 140 
Eq. mitted to show that another method for evaluating the effect 0.0010 85 60 206 
of roughness on transition leads to an opposite conclusion. —_ 0 0020 210 200 416 
The present authors’ method for estimating transition location 
under the influence of roughness was described in a recent re- It appears that the criterion Re, > 600, or even 100, is not valid 
port. Results of further study are being incorporated in a paper in this case and presumably even less valid for very small, natural 
soon to be offered for publication. The parameter used to repre- roughness. 
sent the relative disturbance due to roughness was Re’;, and it Referring to the computed Re, on Fig. 1, it appears that the 
14) was defined as present empirical theory yields results in general agreement with 
Re’, & Rex T/T y)5*? experiment. Agreement is good where the experimental data 
where 7; = static temperature at height k, corresponding to Re, pad a —_ gates tuaape — ee ee 
mated 7,,/7s; at reversal and for transition near the roughness 
element also are reasonably near experimental values. After 


* Sponsored by Arnold Engineering Development Center, Air Research 


and Development Command, USAF, under Contract No. AF 40 (600)-800. acceptance of the computational method, it follows that Re’, 
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Fic. 1. Transition reversal on 10 deg. cone with local roughness. 
Data from Ref. 2. Computed curves from Ref. 6 (extended). 


always can be made large enough to cause transition reversal if 
sufficiently low wall temperatures can be applied. Furthermore, 
and more importantly, wall temperature need not be nearly as 
low as would be required if Re; > 600 were considered necessary. 
Indeed, the present method for evaluating the effect of roughness 
will predict reversal on highly-cooled bodies with Re, much less 
than 100, particularly when local Mach numbers are low—e.g., 
near the noses of blunt bodies. For walls at adiabatic recovery 
temperature or higher and hypersonic local Mach numbers, it 
often will predict Re, > 600 to bring about transition from 
laminar to turbulent flow. The value of Re, needed to bring 
about transition at the roughness element may fall in the range 
104-105. 
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_ STREAMLINES downstream of a plane, oblique, shock wave 
can be shown to be curved if the gas dissociates at a finite 
rate by means of the following simple argument. Consider 
the normal AB between any two streamlines in Fig. 1. If the 
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gas is dissociating at a finite rate, then the pressure, velocity, 
etc., vary along the streamlines. On the other hand, from the 
geometry of the problem, all quantities must be constant on lines 
parallel to the shock wave. Since the pressure at A is therefore 
different from the pressure at B, a pressure gradient exists normal 
to the streamlines and they must therefore be curved. One 
concludes that the shock wave generated by a wedge must be 
curved if the gas is relaxing. This effect may be important in 
interpreting experimental data such as those presented by 
Feldman.! 

The analysis of the flow downstream of the plane shock wave 
is considerably simplified if one takes advantage of the constancy 
of all flow variables on lines parallel to the shock wave. Neglect 
ing viscosity, heat conduction, and diffusion, the equations of 
motion are 


div (p V)= 0 
V-VV = —(1/p)grad p 
1 > (3° 
h+>5\|V\? = H = constant 
Db 
h = 8@T + (D/2m)a + 
p 


p= pRT(1 +a 
Da/Dt = CepT™{|(1 — a)e~?'*? — aX p Pp) 


where a is the mass fraction of atoms, ® is the molecular gas 
constant, D is the dissociation energy, and C is the reaction-rate 
coefficient. The last three equations are obtained by assuming 


that the gas is the ideal dissociating gas postulated by Lighthill® 
and Freeman.* Lines parallel to the shock wave may be de- 
scribed by the equation 


y = (x — o)tan B 


where o is constant on each line and 8 is the shock-wave angle 
Noting that all quantities are functions of o only, and intro- 
ducing the nondimensional quantities, 


R = p/Po: U=u/Vo, V =2/Vo, 
P= £1069 a ¢ = (CR'p.)/Vaq**'e 


the equations of motion reduce to 
d/di(RU — RVctnp) = 0 
(RU — RV ctn B)dU/dg = —(dP/de) 
(RU — RV ctn B)dV/dt = ctn B dP/dg 
214+ a)/(1 + a)JP/R+DatW+W=KXK +1 


7 . da R(1 + a) |P 
(RU — RV ctn 8B) = R2 4 
dt P 


{( 1 — a)e™ DR +a)/2P — a(R Rp 
where D = D/m V2 and X = (2H/V,?2) — 1. The first three 
equations can be integrated directly to give RU — RV ctn 6 = 


const = K,, K,U + P = const = Ko, and KiV — P ctn B = 


Fic. 1. Flow-field configura- 
tion 
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Fic. 2. Variation of atom mass fraction behind an oblique shock 
wave 
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Fic. 3. Correlation of solutions by means of relaxation length 
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Fic. 4. Effect of relaxation on a typical streamline. B = 80°. 
const = A;. The constants are determined by evaluating these 
expressions at the shock wave where a = 0. Under hypersonic 
conditions, they are accurately approximated by K, = K» = 1, 
K; = 0. The above expressions can then be solved for U’, V, 


and R in terms of P. 
determined in terms of a. 


Using these results in Eq. (4), P can be 
Substituting all of these results into 


Eq. (5) one obtains 


da/dt = F(a) (6) 
where 
s 
F(a) = R? att Oy (1. = ae DRU+0)/2P _ 
a(R Rp)| (7) 
Noting that a = 0 when ¢ = O, Eq. (6) may be integrated to give 


i da 
¢ = : (S) 
0 Fla) 
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FORUM 
Eq. (8) can be integrated numerically once D and s are speci 
fied 


and various shock-wave angles 
In analogy with displacement, momentum, and energy thick- 


Typical results are shown on Fig. 2 for s = 0, D = 2, 


nesses in boundary-layer theory, one may define relaxation 
distances based on mass, momentum, and energy defects. An 


other possibility, an atom-deficit relaxation length defined by 


at = f (ae — addt (9 
0 


where a, is the equilibrium value, has been found to correlate 
the numerical solutions quite well (Fig. 3). Using this relaxa 


tion length as the unit of length, the deviation of a typical stream 


line from a straight line is shown in Fig. 4 for 8 = 80°. The 
relaxation effect results in’a vertical displacement of the stream- 
line of approximately 10 percent of the relaxation length. Such 


a calculation may be useful in giving an indication of the order 
of magnitude of the distortion of the flow pattern due to relaxa 
tion effects at a given flight condition 
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| gamaanete es possess a unique property, in that the point of 
zero slope can be found without the use of the derivative 
The external-work form of the elastic-energy equation is one 
such case. It is shown here that the solution of redundants can 
be obtained by the nullification of the discriminant of a quad- 
ratic equation, thus expressing the redundants as double roots 
This approach is interesting in that regardless of the choice of 
redundants no use is made of the derivative or simultaneous 


compatible-deflection equations. In addition, a less abstract 


interpretation of the minimum-energy principle results 


List OF SYMBOLS 


U = elastic energy 

Pi = static load 

Po, Ps = redundant reactions 

Ary = deflection coefficient, horizontal 
fry = deflection coefficient, vertical 
xX = point of deflection considered 
Y = load causing the deflection 


THEORY 
The case depicted in Fig. 1 is representative of a two-redundant 
problem. Writing the energy equation for this without regard 
to the final position of point b gives 
V/pAqiP1? + 3/2602P2? + '/2degP3? + 
P,P + Pi P3An + PsP 2503 


U = 
(1) 
Rearranging Eq. (1) as a quadratic in P2 results in the equation 


(1/602) P2? + (Pidin + P36i3)P2 + 
(1/oAa Pi? + '/2de,Ps? + PiPsAn — U) = 0 (2) 
Solving for P2, by the quadratic formula yields the two roots 


— (Pb — P3613); 5y2 = 1 52 [( P1dm a P 5p )2 —_ 
26024 /2Aar Pi? + '/2AuP3? + PiPs4n — U))'? (3) 


P2 = 
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p 
2 
| BAND R 
¢ APPLIED ON b 
bh 8 
a. 
P 7 +A Fic. 1. Redundant prob 
lem of sample analysis 
cam 
A 
The 0U/OP: = O operation is replaced by setting the discrimi- 


nant equal to zero, which amounts to imposing uniqueness on 
P2 (Fig. 2). 

Thus P2 = —(Pi6) + P3603 ) bn2 

or P6y2 + P16y) + P35n3 = Q (4) 


and also from under the radical 


( P16» + P36n3 )? xe 
26y2(3 »Aa Pi? + 1/5 An3 P32 + P,P3An -— U) 0 (5) 


Eq. (4) is the familiar compatible-deflection equation, > 0. 
Eq. (5) is again a second-degree equation, which when put in the 
form of a quadratic in P; is 
(637 = Avsdn2)P3? + (2 P:6s1503 = 2P Andee) P3 + 

(P76m? — Pi? Aqiby + 26.2.0) = 0 (6) 


Again using the quadratic formula, 


‘ = (8n1603 — Avido2 ) P; 
I —f 1 . + 9 x 
(S03? — Adsdv2) (603? — Adszdv2) 


U 1 
| (sts =, aude) —_ (6: —. sue) = aids + 26u .)| 
2 


(7) 
Nullifying the discriminant gives the final value of 7; as 
P3 = —P,(6m603 — Anids2)/(603? — Avsdr2) (8) 


This is the same result given by a compatible-deflection an- 
alysis. The value of P2 can be obtained by substitution of Eq. 
(8) in Eq. (4) or else by solving it as the last redundant in se- 
quence as was P;. In expressing each redundant consecutively 
in a quadratic and nullifying the discriminant, the corresponding 
redundant drops out. Thus for » redundants there would be n 
discriminants and the last operation would yield the numerical 
value of the last redundant in sequence and also the numerical 
value of the stored energy from the last zero discriminant. Each 
nullification of a discriminant expresses the fact that the corre- 
sponding redundant can have only one possible value. In the 
process this is done for all the redundants. Since the proper 
energy equation as set up in the beginning is accounted for 
throughout and the condition of uniqueness is imposed on each 
redundant, it follows that this method applies to any number of 


U; 
| 
vB°44C+0 ; PARABOLA 
BAC -0- einai U=F (g) 
PB=CONSTANT 
! bf 


Fic. 2. Defining the equation 0U/d0P2 = 0 by forming the 
double root of P». 
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redundants, the two conditions mentioned being the only re 
quirements. As noted in Fig. 2 the energy must be at a point 
of zero slope for the redundant to have only one value, which it 
must as a physical quantity. Since the energy has no upper 
bounds it follows that it is at a minimum. 

Although structural redundants can be solved without any of 
the usual devices, the foregoing procedure does not appear to 
offer any distinct advantages. Although it is not noted in the 
example set forth, the process can be made far less cumbersome 
when dealing with a large number of redundants if the poly 
nomial B in the discriminant B? — 4AC is grouped and manipu- 
lated as a binomial with one of its terms containing the re 
dundant to be eliminated. Aside from this feature the procedure 
is clearly analogous to conventional methods in simultaneous 


equations. 


Geometric Derivation of Compatibility 
Equation for Finite Deformation of 
Rotationally Symmetric Shells* 


B. Paul 
Director of Research, Technik Incorporated, Garden City, N. Y. 
November 23, 1960 


Is THE FORMULATION of the problem of finite symmetrical de 
flections of shells of revolution it is necessary to establish a 
compatibility equation involving the principal strains of the mid 
dle surface. Reissner! has presented a simple analytical deriva 
tion of the compatibility equation by expressing each strain in 
terms of the radial displacement and then eliminating the radial 
displacement between the two expressions for strain 

Because of the importance of the problem it seems desirable to 
the author to present a brief geometric derivation which, besides 
providing insight into the meaning of the compatibility equation, 
is suitable for teaching purposes at an elementary level. 

Fig. 1 illustrates a short segment of the meridian of a surface of 
revolution in its undeformed position 4B. After deformation the 
element AB will occupy position 4’B’’’ and will have stretched 
to the length 

A'B'” = (1 + eg)dso (1) 
where eg represents the finite conventional strain (fractional ex 
tension of original length) in the meridional direction. The point 
A will have moved radially through a distance u so that the 
circumferential finite strain is given by 

eg = u/to (2) 
where 7’) is the initial radius of point A. The inclination of the 
line element changes from ¢@ to ¢@ as shown on Fig. 1 where 


COS dy = dry /dsy (< 
From Fig. 1 it is easily verified that 


du = (1 + €g)dso cos @ — dso COS go 


Upon elimination of u and dsy by means of Eqs. (2) and (3) one 


finds 
COS dod(roeg) = dro(eg COS + COS d — COS go) (4) 


which is equivalent to Reissner’s form [Eq. (20)!] of the com 
patibility equation. 

It is perhaps worth noting that the general compatibility equa 
tions in the theory of shells are direct consequences of the Gauss 
Codazzi integrability conditions of differential geometry.? For 
a symmetrically deformed surface of revolution the only nontrivial 
integrability condition is equivalent to 


dr = ds cos @ (5) 


* Results obtained in course of research for Frankford Arsenal under 
Contract No. DA-30-069-OR D-2971. 
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Fic. 1. Element of meridian, before and after deformation. 


where r and s represent the deformed values of 7p and so 
Eq. (5) is easily reduced to Eq. (4) by noting that r = 7 + u 
and ds = (1 + eg)dso. Eq. (5) is then transformed to 


d(ro + u) = (1 + €g)dso cos > (6) 


Upon use of Eqs. (2) and (3), Eq. (6) becomes the required 


compatibility eq. (4). 


REFERENCES 
Reissner, E., On The Theory of Thin Elastic Shells, H. Reissner Anni 
versary Volume, pp. 231-247; Ann Arbor, Mich., 1949 
Novozhilov, V. V., The Theory of Thin Shells, pp. 28, 103; P. Noordhoff, 
Ltd., Groningen, Netherlands, 1959. 


Laminar Jet Mixing of an Electrically 
Conducting Fluid in the Presence of a 
Magnetic Field{ 


Kaoru Toba 
Department of Aeronautical Engineering, 
Rensselaer Polytechnic Institute, Troy, N.Y. 


November 1, 1960 


es TLy there has been discussion about the two-dimensional 
laminar jet mixing of an incompressible, electrically con- 
ducting, viscous fluid under the influence of an applied transverse 
magnetic field.' In this note, a supplementary consideration is 
offered concerning this type of flow. Let us assume a sufficiently 
large flow Reynolds number throughout this note, and also that 
all fluid properties are assumed constant. 
The fundamental equations are then 


oy dy oy dy o%y op dA _. 
_ — == — £8 V?2A (1) 
Oy Oxoy ax Oy? oy? Ox Ox 
0 = —(Op/dv) + B(OA /Oy)V?2A (2) 
(Oy/Ov)(OA /Ox) — (Op/Ox)(OA /Oy) = (1/e)V?7A (3) 


where y is the stream function, A the magnetic vector potential, 
B = (pelly?/pUy?) and ¢€ = vope 
All quantities involved are nondimensionalized in such a way that 
x = (Uo/v)x* y = (Uo/v)x* 
+ This somal was supported by the United States Air Force through 
the AFOSR of the ARDC under Contract No. AF 49(638)-23. Reproduc- 


tion in whole or in part is permitted for any purpose of the United States 
Government. 


FORUM 667 


y = y*/v H = H*/H, p = p*/pl 
The coordinate system is taken the same as in reference 1 

Now let us assume, as in reference 1, that the magnetic Reyn 
olds number R,» is small. Since e the ratio of the magnetic 
Reynolds number to the Reynolds number is considered to be 
small, we may expand y and A in power series in ¢ 


Ver WmWtanhtewt.. | 
A = Ay + €A; + &A2 + | 
Pp = pot chi t+ Behe + (p const. ) 

Substituting into Eqs. (1)-(3) and comparing the coefficients of 


the same power of e, we have 


Oy 07 Oy Oy o*y ' 
a = ( zs 
Oy Oxoy Ox Oy? oy® sie 
OY O7y; Oy; O*Yo OY OY) OY, OY 
rt = = 
Ov Oxody Oy Oxoy Ox Oy? Ox Oy? 
o*%y re) OA 
Pew Bag v4 
oy’ Ox Ox 
Op OAy 
o=-—- Pr B V2A, (6) 
oy Oy 
OY Ao OY OAo 
v _ ow = vA, 
Oy Ox Ox Oy 
OY O*y2 OY, OY) Op. O*Yo Oy Oye 
Tr a - — 
Oy Oxoy Oy OxOoy Oy OxOoy Ox Oy? 
OY: O7yi = yn O*Y O*Ye Op» 
Ox Oy? Ox Oy? oy? Ox 
OA OA, 
8 V?A; +4 ved, 
Ox OX 
> (7) 
Op, OA OA ‘ 
0O=- + 8B V?A, + V?2A, } 
oy oy Oy | 
OY OA, Oy, OA Oy OA, Oy, OA 
+ — _ V2A 
Oy OK Oy OY Ox Oy Ox Oy 


and so on 

It is seen that to the order of ¢’, or neglecting O(e«), the flow 
field can be approximated by the nonmagnetic flow, and that 
to the order of ¢, or neglecting 0(«?), the interaction between the 
flow and the magnetic field is determined completely by the 
applied field alone. This is due to the fact that the first-order 
induced current, /; V2A,, is determined completely by yo and 
Ay as shown in the third equation of (6) 

For a higher order solution, say to O0(«*), we should solve the 
third equation of (7) for A» under suitable boundary conditions 
and then proceed to the first and second equations of (7) to find 
y2 and pe, and so forth 

As to the similar solution for the transverse applied field vary- 
ing proportionately with x~*%, it does not seem to exist. 
But, as implied in reference 1, it may exist to the order 
of e—i.e., if the induced filed is neglected. The argument in 
the same reference starts by neglecting the higher order induced 
fields and by neglecting the pressure gradient in the x-direction, 
while the velocity field y is expanded in terms of powers in Q 
Note that here y and Q, as they appear in reference 1, are dimen- 
sional. Of course, if these series converge, they constitute the 
solution of the fundamental equations. However, the funda- 
mental equations are correct to 0(Q). Hence it is not quite clear 
whether or not the higher order terms have any physical sig- 
nificance. Furthermore, the pressure gradient in the x-direction 
may not be zero in the higher order solution, as seen from the 
foregoing procedure. 

Let us study in more detail the line of approach used in refer- 
ence 1. By using Eq. (3) to eliminate V?A from Egs. (1) ard 
(2), all expressed in terms of the dimensional quantities, we get 
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oy o*%y y. oy d*y = o*y = 1 Op - 


v 
Ox OxXOY Ox Oy? oy p Ox 


aA & 04 by A \ | 
) = (8) 
ox oy Ox Ox Oy | 


0=- +@Q -- 
p oy oy Oy OX Ox Oy 


where Q = (on,?H,?/p). Again, let us expand y and A such that 


1 op oA (2 oA oy oA) 


¥=% +Q+ Qywet... 
A = Ao + QAi + Q742 +... (9) 
P=php + Cit Cr+... \ 


Substituting these into Eq. (8), and equating the coefficients of 
the same powers of Q, we get a number of differential equations, 
as before 

For the transverse applied field Hy) = H,x~?/°/3, we can intro- 
duce the similarity parameter » = (1/3! 2)\(y/x?/3) and the 
functions f;, g;, and h;; viz., 


Vi = pl/2yl 3fi() l (i= 0:19. “- yl 


A; = x/3gi(n) (10) 
pi/p = x~*hi(n)/9 ee 
where gy = —1. Then the equations obtained from (8) reduce to 
fo!” + (fofo’)’ = 0 (11) 
fil" + 2fo'fy’ + fofi"” + fifo” = —2hi + ahi’) + fo’) " 
0 = h,’ oes 


and so on. 

The differential equations for fy and f; or Eqs. (11) and (12) 
are essentially the same as in reference 1, although (12) is slightly 
different. If appropriate boundary conditions are given, these 
equations may be solved completely without knowing the in- 
duced field. On the other hand, the higher order solution f;(7 > 
2) involves the induced field g;(¢ > 1) and, therefore, cannot be 
determined according to this scheme. 

Let us study the first-order solution f,; with the boundary 


conditions 


7 =0 fi = f," 0 
(13) 
a :S fi — 0 f 
Integrating (12) we get 
fi” + fofi’ + fo'fi = —2nh, + fo 
; (14) 


h, = constant f 


It is readily observed that this equation does not have a solu- 
tion which satisfies the boundary conditions. Since the shear 
due to f; is proportional to f,”", this quantity should remain 
finite as» — ©. But (14) shows that this is not the case unless 
h, = 0. Take h, = 0; then, by integrating Eq. (13) we can easily 
find that the solution which satisfies the conditions at » = 0 
cannot satisfy that for 7 > ©.* In reference 1, instead of (14), 
the equation 


f+ gf +f? = of 
is considered. Integrating once we have 
i If = C8 


By expanding f = fo + Qf, we have (14) except for the /,; term. 
All in all, our conclusion is that the similar solution does not 
seem to exist to the order of Q, but it does to the order of Q° not 
only for this prescribed magnetic field but also for any applied 
field. 


* More simply, we should expect f” — 0 as 7 —~ ©, which is not satisfied 
by (14) even with ii = 0, 


REFERENCE 
1 Pai, S. I., Laminar Jet Mixing of Electrically Conducting Fluid in 
Transverse Magnetic Field, Journal of the Aero/Space Sciences, Vol. 21, 
No. 4, pp. 254-255, April 1959 


Determination of the Flow Field Around a 
Hollow Body of Revolution Using a Ring Source 


David C. Paulson* 
December 1, 1960 


FY PRESENT, the streamlines in potential flow about hollow 
bodies of revolution are most conveniently obtained 
graphically.' This note gives an analytical solution with which 
the radius of any given streamline may be determined directly 

A ring source of strength m per unit length and radius R is 
symmetrically placed around the origin of cylindrical coordinates, 
as shown in Fig. 1. 

The potential at any point of coordinates x, r due to the entir« 


[ mRdé@ 
®@=2 
0 Vx? + R?2 + r? + 2Rr cos 6 


which can be transformed into 


4mR i 2 d0 
@ = (1) 
Vx? + R? + r? + 2Rr Jo V1 — k? sin? 6’ 


where 6’ = 6/2 


k? = 4Rr/(x? + R? + r? + 2Rr) 


ring is 


and the integral is the tabulated complete elliptic integral of the 
first kind, F(k, 2/2). 
Applying Prandtl’s flow balance to a disk concentric around 


a 
f 2mrrudr = Q; + Qe (2) 
0 


the axis:? 


where 7; = the radius on a streamline 
u = O/dx = the axial velocity component 
Q; = the volume of fluid coming with the main stream 


and equaling mr)2a, where 
the velocity of the fluid stream 


a = 
7%) = the radius of a given streamline far upstream 
Q. = the volume of fluid issued by the source if it is up 


stream from the x-coordinate in question. 
Adding the potential @ = ax to Eq. (1), differentiating, and 
substituting in Eq. (2), 
= 


4 i’ | ee 
2 — = + F(k, 7/2) (= » (3) 
me T Se ag dk T \@ 1 ¢ 3 


* Presently at Missiles and Space Systems Dept., Hamilton Standard 
Div., United Aircraft Corp., Windsor Locks, Conn 





Fic. 1, Ring source in cylindrical coordinates. 
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which is the relation from which the streamlines can be found 

rhe integration is not possible in terms of k because of a singu- 
larity in dr/dk, but the following method yields a solution for 
} The function k*(k(dF/dk) + F]| is tabulated as a general 
function vs k. Then, for any value of x, the integral can be 
numerically evaluated by successively calculating & for increasing 
ry, and adding the increment (k°/V r)|k(dF/dk) + F\Ar read from 
the tabulation. When the left-hand side of Eq. (3) equals the 
right-hand side, the value of 7; is on the desired streamline 

This method allows a unique determination of Q, for the body 
surface itself, which is possible only by trial and error in the 
method of graphical superposition. The integration is carried 
out at some arbitrary x-value just upstream from the ring 
source. The left-hand side of Eq. (3) reaches a maximum at “, 
equal to the inner radius of the hollow body at that point. This 
may be found by differentiating the left-hand side of Eq. (3) 
with respect to r; and setting equal to zero: 


ry (mx/2aV Rr, )k®{|k(dF/dk) + F| 


where 7; is solved by trial and error 
The value of the left-hand side of Eq. (3) at this point is then 
equal to Q; + Qs, and, since the latter is zero upstream from the 


source, simply equal to Q) = a/r?a. Downstream from the 
source Q2 = 0 inside the hollow body, and for values of 7; outside 
the body of revolution Q: = 27R(42rm) is added to the right-hand 
side 


The above method has two distinct advantages over the 
graphical method of solving the flow field of the hollow body of 
revolution. First, the radius of any desired streamline can be 
determined directly at any x-coordinate; and, second, the 
stagnation streamline can be found directly using the procedure 
just shown 

This method can also be adapted readily to computer tech- 
niques, as can the tabulation of the function k*|k(dF/dk) + F| 
A sample flow field has been calculated,* and agrees with that 
solved by the method of graphical superposition.! 


TABLE | 
Tabulation of the Function k*|k(dF/dk) + F(k, x/2)!| 


Are sin k F(k, 2/2) k3|k(dF/dk) + F(k, x/2)| 
0) 1.5708 0 
5 1.5738 0.001046 
10 1.5828 0.006416 
15 1.5981 0.02669 
20 1.6200 0.06904 
25 1.6490 0.1377 
30 1.6868 0.2446 
35 1.7312 0.4030 
40 1.7868 0.6305 
45 1.8541 0.9561 
50 1.9356 1.4204 
55 2 0347 2.1029 
60 2.1565 3.1464 
65 2.3088 4.8511 
70 2.5046 7.9331 
75 2.7681 14.483 
80 3.1534 32.949 
85 3.8317 131.64 
86 4.0526 205.86 
87 4.3387 365.31 
88 4.7427 820 .27 
89 5.4349 3335.9 
90 ee x 

REFERENCES 
Streeter, V. L., ‘‘Dynamics of a Non-Viscous, Incompressible Fluid,’ 
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2 Prandtl, L., and Tietjens, O. G., Fundamentals of Hydro and Aero 
mechanics, 1st. Ed. ,pp. 144f.; McGraw-Hill Book Co., Inc., New York, 1934 
3 Paulson, D. C., Distortion of a Fluid Lamina Approaching an As pirating 
Probe in a Uniform Velocity Fluid Stream with a Section on an Analytical 
Solution for the Hollow Body of Revolution Using a Ring Source, Master's 
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Flutter of a Hot-Wire Probe 


Max M. Munk 
November 30, 1960 


HE HOT-WIRE probe signals indicate the relative motion be- 
etn the air and the wire. The turbulent air velocity 
fluctuates. But just as a flag pole shakes in a gusty wind, so will 
the wire, the prongs, and the prong holder shake in turbulent air 
Very small amplitudes of flutter are enough to modify the hot- 
wire signals. In a typical case, the rms air fluctuation velocity 
may be 6 in./sec at a frequency of 10,000/sec. This corre 
sponds to a semiamplitude of fluctuation of only about 1/7,000 in 
A good fraction of that, say 1/10,000 in., of the wire fluctuation, 
would cause a noticeable signal distortion 

The resonant frequency of the hot wire itself is within the range 
of the turbulent frequencies. It is unknown whether the flutter 
of the wire itself is sometimes significant. The prongs and the 
prong holder will also flutter. Their dimensions are ordinarily 
not given in the test reports, nor how firmly the prong holder is 
held. It is clear that the prong ends move less in the prong 
direction than at right angles thereto. Hence, if any air-fluctua- 
tion measurements show inconsistencies for the components at 
right angles to the prongs, but not for the component parallel 
thereto, the finger of suspicion points to significant prong and/or 
prong-holder flutter 

From all this it seems that experimental turbulence-fluctuation 
results should not be too readily accepted unless they are ac 
companied by full data concerning this matter, including actually 


measured wire fluctuations 


On the Bending of Prismatic Shafts 


M. |. |. Rashed 

Aeronautical Department, Faculty of Engineering, Cairo University, 
Giza, Egypt 

December 2, 1960 


INTRODUCTION 


I* STUDYING the problem of bending of prismatic shafts, it is 
assumed that the normal stress is a linear function of the co 
ordinates (x, y) of the shaft cross section, the axes passing through 
the center of the area of the section. In the following treatment 
of the problem, a solution for the case of bending of a circular 
shaft is given. The bending moment Pz is assumed to be ac- 
companied by a shearing force P. The method of solution can be 
applied to other sections by the use of conformal mapping. The 
equilibrium equation and the compatibility equations, together 
with a transformation of the variables, supply a general form 


leading to the stress distribution 


FORMULATION OF THE EQUATIONS 


Assume that the normal stress o; is a linear function of the 
bending moment Pz. Let 7:3, Tyg be the shearing stresses in the 
vz, yz, and xy planes. Let all other stresses vanish. Hence we 
can write 


o, = PzF(x, y) 


The equilibrium and compatibility equations give 


(Oa,/02) + (Orr2/Ox) + (Or,;/Oy) = 0 (1) 
V2r,, = —[P/(1 + v)|[OF(x, y)/Ox (2a) 
V2r,. = —([P/(1 + v)][OF(x, y)/dy] (2b) 


Introduce the new dependent variables H and G such that 
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Trz = (OH/dy) + (0G/dx) (3a) 

Tyg = —(O0H/dx) + (O0G/dy) (3b) 

Introduce these variables in the equilibrium equation (1) to get 
oH 0’°G eH 0°G 


— = 0 
Oxy Ox? oyox oy? 


PF(x,y) + 
hence 
V°7G = —PF(x, y) (4) 


Introducing also the new variables in the compatibility Eqs. (2a) 


and (2b) we find 


P oOF(x,y) ee re) ot * 
_ = V3;7,, = (V?H) + (V2G) (5a) 
l+ry Ox oy Ox 
P oOF(x,y) , re) s ra) oe 7 
= =V"77,,=—- (V?H) + (V2G) (5b) 
Ll+py oy x oy 


Introduce Eq. (4) into Eqs. (5a) and (5b) to get the Cauchy- 
Riemann equations 

[v/(1 + v)] P[OF(x, y)/Ox] = (0/dy)V?2H (6a) 

[v/(1 + v)] P[OF(x, y)/oy] = —(0/dx)V?2H (6b) 
Hence we can write 

}P[o/(1 + v)] F(x, y) + iV?H} = F(x + iy) (7) 


With the cross section of the shaft considered as simply con- 
nected, and assuming that the stresses and hence the left-hand 
side of Eq. (7) are everywhere continuous and finite, we can 


write 
Fix + ty) = > A,(x + ty)” (8) 
n=0 
i.e., we get 
v : 
P F(x,y) = real part of > An(x + ty)” (9) 
tsp n=0 


Special Case of Circular Cross Sections 
Take the axes passing through the center of the area. Assume 
the shearing force to be parallel to the x axis. Then from the 
symmetry we can write 
o:/Pz = Fix,y) = a,x + a;3(x? — 3xy?) + 
as(x° — 10x%y? + 10xy4) +... (10) 


Eqs. (2a) and (2b) take the form 


V2rrg = —([P/(1 + v)| [a1 + a3(8x? — By?) + 
a;(5x4 — 30x?y? — 10y*) +...] (11) 
Very, = —[P/(1 + v)][—as(6xy) + 
ax —20x*y + 40xy*3) +...) (12) 


Neglect terms with coefficients a5, @7, etc., and evaluate the co- 
efficients as follows. 
The bending moment Pz is equal tof’ fozxdxdy which yields 


a, = 4/7rR' = 1/Iy, (13) 


where /,,,, is the second moment of area about the y axis. For the 
shear components 7,, note that from symmetry we can write 


Tre = Cy + Cox? + Cory? + Coox*y? + cox! + cosy! (14) 


Obtain V?r,, and compare with Eq. (11) to get 


209 + Zen. = —[P/(1 + v)]a (15) 
Qe + 12cm = —[P/(1 + v)]3a; (16) 
222 + 12eo5 = [P/(1 + v)]3a;3 (17) 


we have but f° f° r:2dxdy = P, hence we get 


P = rR? ae C29 + Coe R24 (:, 4 C40 + Cos Rs (18) 
4 24 8 


For the shear component r,z from (skew) symmetry we get 


Tyz = buxy + baxty + disxy3 (19) 
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Obtain V?r,. and compare with Eq. (12) to get 


P 
bs) + b; = a (20 
l+p 
At the boundary—i.e., at x? + y? = R*?—we have 
Trzp = —Tyzp tan 0 
Transfer Eqs. (14) and (15) to polar coordinates (x = r cos 8, 
y = rsin 6) and insert in the above equations to get 
Coo + CR? + cyR* = 0 (2 
Co - C2 — 2cuR? = —b, (22 
tu TT Co = — bs, (23) 
li: = —b, (24) 


Solve Eqs. (15) to (18) and (20) to (24) to get the nine coefficients 
Introduce these in Eqs. (10), (14), and (19) to get 


1 
oz = Pz | x + a;(x? — 3xy?) (25) 
I yy 
r 3 + 2y ok. 1 — 2p :) 
Tz = —— x? — y?} + 
2 + 2py 7 R? rR! wR! 
a3 (—3x?y? + | (26) 


r 2+ 4p 
Ty - — xy | a;(3x%y — xy?) (27) 
2 + 2y 7R4 


Minimization of the Strain Energy 
A Ss. 


ll 


The strain energy of the shaft per unit shaft length is given by 
V = 1/2E i. a [oz? + (2 + 2v)( Tre? + ryz?)] dxdy 


Integration gives 


V= [ pc Tyy + wR'’a;?/8) + 
2E 


Pp 4.667 + 9.333» + 5.333v? ——— 
- + (0.054375 2 Ra,? 
2+ 2p a7 R? 


with the strain energy per unit shaft 


Minimization gives a; = ( 
length 


P28 P? 1.1667 + 2.333» + 1.333~? 


1+ 2p + pv? 


Use of Conformal Mapping 

The region enclosed by the circle in the xy plane can be trans 
formed to another region enclosed by any contour in the ¢» plane 
through a point-to-point transformation. Eq. (7) shows that 
|P[v/(1 + v)| F(x,y) + iV?H} or {[v/(1 + v)Joz/s + iV?H} is 
a function of (x + 7y). Hence one can retain the same value of 
S[v/(1 + v)] o2/s + iV?H} at the point (x + 7y) in the xy plane 
to the corresponding point (£ + in) in the & plane. Thus the 
distribution of the normal stresses is obtained. This procedure 
can be performed analytically by simple or complicated trans 
formations. However, if relaxation methods are used, the shear 


stress distribution could be obtained as well 


+ 


Characteristics Method for Two-Dimensional 
Conductive Flow With Crossed Fields 


Chul Park 
Republic of Korea Air Force Academy, Seoul, Korea 
November 23, 1960 


HE STEADY FLOW of an inviscid electroconductive fluid satis 
fies the following system of differential equations:! 


ea-'Yqt+Vp=JXB (1) 


momentum: 


») 


mass: V-pq = 0 (2 
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READERS’ 


energy: oplq:VS = 7® (3) 
Ohni's law: ei = o(E oa q x B) (4) 
conduction: mal = V x B (5) 


The characteristics method for the two-dimensional flow 
with crossed electric and magnetic fields of the type q(wx,v,0), 
w= VX q = a(0,0,w), E(0,0,E), B(B,,By,0), and J(0,0,7) can be 
developed in the following way. 

From Eqs. (1), (2), (3), and the relation p7TVS = pVH — Vop,? 

pq(0Ho/ds) = jE (6) 
qw = (OH,/on) — T(O0S/dn) — jB/p (7) 
From Eqs. (1) to (4) and the relation (Vp)/a? = pV(S/C,) + 
Vp, 
(a? — u*)(Ou/Ox) — 2Zuv(dOv/Ox) + 


(a* — v?)(Ov/Oy) uvw + (j/a)(yj/o — E) (8) 


and from Eqs. (4) and (5), 
q(0x/Os) = rmV?x — E (9) 
j/o = E + q(ox/ds) (10) 
where ds and dn are the elements of are length in the direction of 
and normal to the streamline, respectively, and Hy) = H + gq?/2, 
By, Ox/dx, Br = —Ox/Ody, and y = C,/Cp, tm = 1/( op) 
Changing the variables in Eq. (8) by u = qcos@,v = qsin@ and 
applying the condition for each of the characteristic curves 


(dy/dx)+ = tan (@ + a) (11) 
where @ is the Mach angle, there follows,’ 
dg * gq tan ad@ = G:-D+dx4 (12) 
where 
G = Aw + jC(E/y — j/c)/(pRT) (13) 
A = 1 — (1/2) sin 26/(cos? 6 — sin? a) 
sin? a/(cos? 6 — sin? a) 
D4 cos(@ F a)/cos a 


This problem is not strictly of hyperbolic type because the 
right-hand side of Eq. (12) contains the unknown factors which 
can be determined only through solving the elliptic-type equa- 
tion (9). Therefore, an approximation to the exact solution is 
possible only through successive approximations incorporating 
the characteristics method. Say, the distribution of x is assumed 
first. The second approximation to x can be obtained through 
the completion of the characteristics method once throughout 


the whole region 


q.8,0,Ho,S 
=) J aoa 





R dx. \ 
| ds — 
— 


Fic. 1. (Left) Fic. 2. (Right). 


If the quantities g, 0, a, Hj, and S are known at the lattice 
points P;, Ps, and P; of the equilateral characteristics net (Fig. 1), 
the quantities at P; can be determined as follows. If the net 
under consideration is not equilateral, it is necessary first to make 
it so by interpolation.” 

(1) Assign the value of B, = (0x/0s); = (xs — x1)/ds so that 


FORUM 671 


it be approximately compatible with the assumed distribution of 


Yr. 
(2) Determine j, by Eq. (10), using (O0x/Os)s, gs = (gz + gs)/2 
and the given value of Ey 
(3) Determine 7, = 1/2(72 + T3), using Ho C,T + ¢/2 
(4) Determine p,, using py = dy/(qidn). If the spacing of the 
characteristics net is so chosen at first as to have equal dy values 
between the neighboring streamlines, this can be done easily 
(5) Determine a,, using Eq. (7) and quantities at Ps 
(6) Determine G;, using Eq. (13) and appropriate mean 
values 


(7) Determine 0, = 62 + d62, using Eq. (12), or 


6» = [G;D+4 3( Xe -— ies = 2G, sin 6; tan a3dX» ;Tea=- 4 — 
qs (02 — 63)tan a3] /(q2 tan az + gq; tan a;) 


(8) Determine g; = g2 + dq, using Eq. (12), or 
dqz = q2 tan az db. + G D-» dx 
(9) Determine Hy; = Hm + dHos, using Eq. (6), or 


dH y, = (jsEdds dn)/dy 


> 


(10) Determine S; = S,; + dS, using Eq. (3), or 
dS, = (jds dn)/(dyaT,) 


(11) Determine a;, using tan* a qs*/(yRT;) — land Hy 


CoTs + 9s?/2 

When the whole region is covered in this way, the second 
approximation to x can be obtained through the relaxation 
» 


method‘ from Eq. (9) which can be written as (Fig. 2) 
» 


Xe = cos? a.[Mxa + xn + Nxe + xa — El(dn)?/rp,|/2 
M = tan a,[tan a + (q dn)/(2rm)), 


N = tan a,|tan a — (g dn)/(2rm)|, 
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A Note on Two-Point Taylor’s Series for Solving 
Ordinary Differential Equations 


Maurice Fine 
Dowty-Rotol Ltd., Staverton, England 
November 4, 1960 


‘ee EXPANSIONS, similar to the usual Taylor series, are 
described; a use in solving ordinary differential equations is 
indicated 
(1) Let yx(x) = 
V-1 


. n 
i (x — a)"x — b)"la,(x — a 


n=0 


bdx— b (1) 


be an approximation to y(x), where y is repeatedly differentiable 
with respect to x in a suitable interval of x including a < x < b 


Let a,, 6, be determined by the conditions 


yu"(a) = y"(a), yy"(b) = y"(b) 
d"yy d"y 
where yy", y" denote - respectively (2) 
dx" dx" 
and n = 0, 1, 2, N- 1 


Similar series have been known for some time but apparently 
have not been investigated 
(2) The coefficients a,, 5, are given by 
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—a)a, = (b — a)A, + 2B, 
2(b — a)b, = (b — a)A, — 2B, 
" (b-—ayf—-n-—- 1 
where (b — a)?"*14, x 
. au s! n—- Ss 
[y(b) — (— 1)*¥(a)] (3) 
” (b— ay (-" 
a)?"nB, = 
re — it \ne='s 


[yw(b) + (—1)*¥*(a)], n ¥ O 
2By = y(b) + y(a) 


and where (~"”) is the coefficient of x in the expansion of (1 4 
x)~" by the binomial theorem. 

The coefficients a,, b, are independent of N. 

(3) When the derivatives are known yy is a readily calculable 
approximation to y. Even though they are not known for an 
ordinary differential equation with marching conditions, the 
expansion can be useful. Consider, for example, 


(dy/dx) — f(x, vy) = 0 (4) 


where y, f are repeatedly differentiable functions of their argu- 


ments in the ranges which arise. Suppose y(a) is given and y 
All the derivatives of y at x = a, 


is required ina < x < b 
x = b may be expressed in terms of y(a@) and an unknown y(b) 
Hence a,, b, may be so expressed. If the series converges to 
the solution with increase of N then, for the correct value of 
yb), \ynea(x) — yw(x)! can certainly be made arbitrarily small 
for sufficiently large N. 

It does not follow that making this term small will ensure a good 
approximation to y. However a few simple first-order equations 
have been considered and |yy+i(x) — yy(x)| has been made small 
[Since yb) is 


by putting ay = O and, independently, by = 0. 
the only parameter, ay = 0, by = O are not usually consistent. ] 
If these equations in y(b) have real roots, they are found, em- 
pirically, to tend to the correct value with increase of N if there 
is no singularity near x = a or x = 6b. Minimizing ay? + by? 
has given quicker convergerce; this may be used if the equations 
in y(b) have no real roots, or only one. 
(4) Two second-order problems have also been considered. 


_. dy , : 

With — = —w*y, (0) = 0, 1) = 1, y(1) = 0 and an 
dx? 

unknown y(Q) then a,, 6, may be determined, and making 


ay = 0, by = O gives two equations for the unknowns 


+ 
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They are of the form 
Py(w?)y'(0) + Qy(w?) = ol 
Ry(w?)y'(0) Sy(w?) = Of 


w®, y(0) 
2) 


where Py, Qy, Ry, Sy, are polynomials in w? of degrees non- 
decreasing with increase of N. Approximations to w? corre- 
sponding to the first three nontrivial N are given by 

w? — 1.732? = 0, w? — 1.577?7)(w? — 5 


(w? — 1.57107)(w? — 4.84?)(w? — 10.4?) 


uw 

The first three proper values of w are 1.5708, 4.7124, 7.854 to 
the number of figures given. Application to this readily soluble 
problem indicates that the simple form of Eqs. (5) and the 
introduction of further frequencies with increase of N are ad- 
vantages of this method in comparison with some other methods. 

With the usual dot notation for d/dt and with 7 + y + y* = 
0, (0) > O given, y(0) = 0, replace (x — a) in Eq. (1) by sin 
wt and (x — 6), similarly, by cos wt where 27/w is the unknown 
period; a,, b, are still determined by Eq. (2); y(7/2w) = 0; 
by conservation of energy, or as a first integral, 


[y(r/2w)|? = [y(O)]2}1 + 0.5d2[(0)]74 (6) 


With yw replacing y(O) and the use of Eq. (6), real zeros of ay, by 


give the following successive approximations to v 
2= 1 + 0.5d2y? 
3 + 3r77)"5 


9. 


1L5we? — 13wyw.? — 3u,(38w — 2wo)we + wo = O 


For large \?yo? the values of wo, w:, w. tend to 0.707AV, O.859Ayo, 
and (.849\y) respectively; the exact value to three figures is 
0.847 Ayo and the error probably decreases with \*yo?. Applica- 
tion to this fairly readily soluble problem indicates that large 
nonlinearity does not present difficulty and that in some less sim- 
ple problems good approximations to frequencies may be readily 
found 

(5) Successive approximations have been worked out mainly 
to see the rate of convergence. Any approximation may be 
worked out independently of earlier ones in the examples given 

This work is far from complete; at present it is advisable to 
check, by substitution in the equation, that an approximation is 
reasonably accurate—especially at the midpoint of the interval; 
Helpful 


correspondence and other help has been, and will be, acknowl- 


even so, this account indicates a useful technique 
edged elsewhere. 
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